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FOREWORD 

This i s  a progress r e p o r t  on t h e  research p r o j e c t ,  "Analys is  and 

Computation of I n t e r n a l  Flow F i e l d  i n  a Scramjet Engine," f o r  t h e  p e r i o d  

ending December 31, 1986. The work was supported by  t h e  NASA Langley 

Research Center (Computational Methods Branch o f  t h e  H i  gh-Speed 

Aerodynamics D i v i s i o n )  through research g ran t  NAG-1-423. 

moni tored b y  D r .  A .  Kumar and M r .  J.P Drunmond o f  t h e  High-speed 

Aerodynamics D i  v i s i on. 

The g ran t  was 
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INTERkCTIOk CiF TRAhSIENT R A D I A T I O E  
I N  NONGRAY GASEOUS SYSTEMS 

S .  N. Tiwari* and D.  J. Singh '  
Old Dominion University, Norfolk, VA 23508 

ABSTRACT 

A general formulation i s  presented to investigate the t ransient  radiat ive 

interact ion i n  nongray absorbing-emi t t i n g  species between two parallel  plates.  

Depending on the desired sophistication and accuracy, any nongray absorption 

model from the line-by-line models to the wide-band model correlat ions can be 

employed i n  the formulation to  investigate the radiat ive interact ion.  Special 

a t tent ion i s  directed to investigate the radiat ive interact ion i n  a systen 

i n i  t i a l  ly a t  a uniform reference temperature and suddenly the temperature of 

the bottom plate  i s  reduced t o  a lower b u t  constant temperature. The interac- 

t i o n  i s  considered for the case of radiat ive equilibrium as well as for 

combined radiation a n d  conduction. General as well a s  l i m i t i n g  forms o f  the 

g o v e r n i n g  equations are presented and solutions are  obtained numerically by 

employing the method of variation of parameters. Specific r e s u l t s  are 

obtained for CO, CO2, H20, and OH. The information on species H20 and OH i s  

of special i n t e r e s t  f o r  the proposed scramjet engine application. The r e s u l t s  

demonstrate the r e l a t i v e  ab i l i ty  of d i f f e r e n t  species for  radiat ive 

interact ions.  

* Eminent Professor, Department of Mechanical Engineering a n d  Mechanics. A I A A  
Associate Fellow. 

'Graduate Research Assistant, Department o f  Nechanical Engineerng and 
Mechanics. A I A A  Student Member. 
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NOMENCLATURE 

band absorptance = A ( u , p ) ,  cm -1 

band w i d t h  parameter, cm" 

c o r r e l a t i o n  parameter, at,-1 - cm-1 

s p e c i f i c  heat  a t  cons tan t  pressure, kJ/kg-K = erg/gm-K 

Planck 's  func t i on ,  (W-cm-')/cm-' 

P lanck 's  func t i on  evaluated a t  wave number uo 

emissive power o f  surfaces w i t h  temperatures T 1  and T2, W - C ~ ' ~  

gas p r o p e r t y  f o r  the l a rge  path l e n g t h  l i m i t ,  W/(cm2-K) 

thermal c o n d u c t i v i t y ,  erg/cm-sec-K 

gas p r o p e r t y  f o r  the o p t i c a l l y  t h i n  l i m i t ,  W/(atm-cm3-K) 

d i s tance  between p la tes ,  cm 

l a r g e  path l e n g t h  parameter, nondimensional 

o p t i c a l l y  t h i n  parameter, nondirnensional 

o p t i c a l l y  t h i n  r a d i a  t ion-conduct ion parameter = N l / R ,  nondimensional 

pressure, atm 

conduct ion p l u s  r a d i a t i o n  heat f l u x  = qc + qR, w/cm 2 

conduct ion heat  fl ux , w/cm 2 

t o t a l  r a d i a t i v e  heat f l u x ,  w/cm2 

s p e c t r a l  r a d i a t i o n  heat  f l ux ,  ( w - c n ~ - ~ )  /cm" 

nondimensional r a d i a t i v e  heat f l u x  

nondimensional conduct ion p l u s  r a d i a t i o n  heat  f l u x  

nondimensional t r a n s i e n t  conduct ion parameter 

i n t e g r a t e d  i n t e n s i t y  o f  a wide band, atm-1-crn-2 

time, sec ( a l s o  used as t 

c h a r a c t e r i s t i c  time, sec 

nondirnensional t ime = t/t, 

* 
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temperature, K 

wall temperature, K; TI = Tw 

nondimensional coordinate = SPy/Ao 

nondimensional path length = SPL/Ao 

transverse coordinate, cm 

nondimensional temperature 

spectral absorption coefficient,  cm" 

nondimensional coordinate = y/L = u/uo 

density, kg/m3 

Stefan-Bo1 tzmann constant, erg/(sec-cm2-K4) 

wave number, cm-I 

wave number a t  the band center, cm" 
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1. INTRODUCTION 

The f i e l d  of r a d i a t i v e  energy t r a n s f e r  i n  gaseous systems i s  g e t t i n g  an 

ever  i n c r e a s i n g  a t t e n t i o n  r e c e n t l y  because o f  i t s  a p p l i c a t i o n s  i n  the areas o f  

t h e  e a r t h ' s  r a d i a t i o n  budget s tud ies  and c l i m a t e  modeling, f i r e  and combustion 

research, e n t r y  and r e e n t r y  phenomena, hypersonic p r o p u l s i o n  and defense- 

o r i e n t e d  research. I n  most s tud ies i n v o l v i n g  combined mass, momentum, and 

energy t r a n s f e r ,  however, the r a d i a t i v e  t r a n s f e r  f o r m u l a t i o n  has been coupled 

ma in l y  w i t h  the steady processes and the  i n t e r a c t i o n  o f  r a d i a t i o n  i n  

t r a n s i e n t  processes has rece ived  very l i t t l e  a t t e n t i o n .  Yet, the t r a n s i e n t  

approach appears t o  be the l o g i c a l  way o f  f o rmu la t i ng  a problem i n  a general 

sense f o r  e l e g a n t  numerical and computational s o l u t i o n s .  The s teady-s ta te  

s o l u t i o n s  can be ob ta ined as l i m i t i n g  s o l u t i o n s  f o r  l a r g e  times. 

A few s t u d i e s  a v a i l a b l e  on r a d i a t i v e  i n e r a c t i o n s  r e v e a l  t h a t  t he  

t r a n s i e n t  behavior  o f  a phys i ca l  system can be i n f l u e n c e d  s i g n i f i c a n t l y  i n  the 

presence o f  r a d i a t i o n  I2- l7 .  L i c k  i n v e s t i g a t e d  the t r a n s i e n t  energy t r a n s f e r  

by r a d i a t i o n  and conduct ion through a s e m i - f i n i t e  mediuml2. A ke rna l  

s u b s t i t u t i o n  technique was used t o  o b t a i n  a n a l y t i c  s o l u t i o n s  and d i s p l a y  the  

main fea tu res  and parameters o f  the problem. Steady and t r a n s i e n t  heat  

t r a n s f e r  i n  conduct ing  and r a d i a t i n g  p lana r  and c y l i n d r i c a l  mediums were 

analyzed i n  Refs. 13 and 14 accord ing t o  the d i f f e r e n t i a l  f o rmu la t i on .  The 

analyses based e s s e n t i a l l y  on the  gray fo rmu la t i on  p r o v i d e  some q u a l i t a t i v e  

i n s i g h t  i n t o  the  e f f e c t  o f  absorp t ion  and emiss ion  on t h e  t r a n s i e n t  

temperature d i s t r i b u t i o n  i n  the gas. Doornink and Hering15 s tud ied  the  

t r a n s i e n t  r a d i a t i v e  t r a n s f e r  i n  a s t a t i o n a r y  p lane l a y e r  o f  a nonconducting 

medium bounded by b lack  w a l l s .  A r e c t a n g u l a r  Mi lne-Eddington type r e l a t i o n  

was used t o  descr ibe  the frequency dependence of the abso rp t i on  c o e f f i c i e n t .  

I t  was found t h a t  the c o o l i n g  of the l a y e r  i n i t i a l l y  a t  a u n i f o r m  temperature 
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i s  s t r o n g l y  dependent on the absorpt ion c o e f f i c i e n t  model employed. Larson 

and Viskanta16 i n v e s t i g a t e d  the problem o f  t r a n s i e n t  combined laminar  f ree 

convect ion and r a d i a t i o n  i n  a rectangular  enclosure.  It was demonstrated t h a t  

t he  r a d i a t i o n  dominates the heat  t r a n s f e r  i n  the enc losure and a l t e r s  the 

convec t i ve  f l o w  p a t t e r n s  s i g n i f i c a n t l y .  The t r a n s i e n t  heat  exchange between a 

r a d i a t i n g  p l a t e  and a high-temperature gas f l ow  was i n v e s t i g a t e d  by Melnikov 

and Sukhovich17. Only the r a d i a t i v e  i n t e r a c t i o n  from the p l a t e  was 

considered; the gas was t r e a t e d  as a n o n - p a r t i c i p a t i n g  medium. I t  was proved 

t h a t  the sur face temperature i s  a f unc t i on  of t ime and o f  l o n g i t u d i n a l  

coo rd ina te .  Some o the r  works on t r a n s i e n t  r a d i a t i o n  and r e l a t e d  areas a re  

a v a i l a b l e  i n  Refs. 18-22. 

The goal o f  t h i s  research i s  t o  i n c l u d e  the nongray r a d i a t i v e  f o r m u l a t i o n  

i n  the general  unsteady governing equat ions and p rov ide  the step-by-step 

a n a l y s i s  and s o l u t i o n  procedure f o r  several  r e a l i s t i c  problems. The s p e c i f i c  

o b j e c t i v e  o f  the p resen t  study i s  t o  i n v e s t i g a t e  the i n t e r a c t i o n  o f  nongray 

r a d i a t i o n  i n  t r a n s i e n t  t r a n s f e r  processes i n  a general  sense. A t t e n t i o n ,  

however, w i l l  be d i r e c t e d  f i r s t  t o  a s imple problem of the t r a n s i e n t  r a d i a t i v e  

exchange between two p a r a l l e l  p la tes.  I n  subsequent s tud ies,  the p resen t  

a n a l y s i s  and numerical  techniques w i l l  be extended t o  i n c l u d e  the f l o w  o f  

homogeneous, nonhomogeneous, and chemical ly  r e a c t i n g  species i n  one- and 

mu1 t i -d imensional  systems. 
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2. BASIC THEORETICAL FORMULATION 

The physical  model considered f o r  the p r e s e n t  s tudy is  the t r a n s i e n t  

energy t r a n s f e r  by r a d i a t i o n  i n  absorbing-emit t ing gases  bounded by two 

p a r a l l e l  gray p l a t e s  ( F i g .  2.1). In g e n e r a l ,  TI and T2 can be a f u n c t i o n  of 

time and p o s i t i o n  and there may exist  an i n i t i a l  temperature  d i s t r i b u t i o n  i n  

the gas. I t  i s  assumed t h a t  the r a d i a t i v e  energy t r a n s f e r  i n  the a x i a l  

d i r e c t i o n  i s  n e g l i g i b l e  i n  comparison t o  t h a t  i n  the normal d i r e c t i o n .  

For r a d i a t i o n  p a r t i c i p a t i n g  medium, the e q u a t i o n s  e x p r e s s i n g  c o n s e r v a t i o n  

of mass and momentum remain una l t e red ,  while  the conse rva t ion  of  ene rgy ,  i n  

g e n e r a l ,  i s  expressed a s  1 

DP = d i v  (k grad T )  + f3T E + p I$ - d i v  qR DT 
cp E (2.1) 

where p i s  dynamic v i s c o s i t y ,  p i s  the c o e f f i c i e n t  of thermal expansion of the 

f l u i d  and 4 i s  the Rayleigh d i s s i p a t i o n  func t ion .  For a s e m i - i n f i n i t e  medium 

capab le  of t r a n s f e r r i n g  energy only by r a d i a t i o n  and conduct ion,  E q .  (1) 

reduces t o  

where q is the sum of the conductive h e a t  f l u x  q c  = - k (aT/ay)  and the 

r a d i a t i v e  f l u x  qR. For the physical model where r a d i a t i o n  i s  the only mode o f  

energy t r a n s f e r ,  the energy equation can be written a s  

( 2 . 3 )  

Use o f  this s i m p l i f i e d  equat ion i s  made t o  i n v e s t i g a t e  the t r a n s i e n t  behavior  

of  a r a d i a t i o n  p a r t i c i p a t i n g  medium. 

For many eng inee r ing  and a s t r o p h y s i c a l  a p p l i c a t i o n s ,  the r a d i a t i v e  

t r a n s f e r  e q u a t i o n s  a r e  formulated f o r  one-dimensional p l a n a r  systems. For 
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where 

5 

d i f f u s e  n o n r e f l e c t i n g  boundar ies and i n  the absence o f  s c a t t e r i n g ,  t he  

express ion f o r  the t o t a l  r a d i a t i v e  f lux i s  given, f o r  a n-band gaseous system, 

b y l ,  8,23 

(2.4) 
3 L 

Y 1 
- Fzwi(z1 K expC- '2 K~ (z-y) ldz)dwi 

i w. 

Equat ion (2.4) i s  i n  proper form f o r  o b t a i n i n g  the  nongray s o l u t i o n s  of  

molecular  species. I n  fac t ,  t h i s  i s  an i d e a l  equa t ion  f o r  the l i n e - b y - l i n e  

and narrow-band model formulat ions.  However, i n  o rde r  t o  be a b l e  t o  use the 

wide band models and c o r r e l a t i o n s ,  Eq. (2.4) i s  t ransformed i n  terms o f  the 

1,7-11,23 c o r r e l a t i o n  quan t i  t i e s  as 

(2.5) 

where 

5 = u/uo = y/L;  E '  = u'/uo = z/L; A = A / A o ;  

u = ( S / A o )  Py; u0 = ( S / A o )  PL; PS = I,, K~ dw 

It should be noted t h a t  Flwi and FZw i n  Eq. (2.5) rep resen t  the values a t  
i 

the  cen te r  o f  the i t h  band and l ' ( u )  denotes the d e r i v a t i v e  o f  A(u) w i t h  

r e s p e c t  t o  u. Upon performing the i n t e g r a t i o n  by p a r t s ,  Eq. ( 2 . 5 )  can be 
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expressed i n  an a l t e r n a t e  form as23 

6 

A d i r e c t  d i f f e r e n t i a t i o n  of  Eq. (2.6) prov ides the express ion f o r  the 

divergence of r a d i a t i v e  f l u x  as 

Equat ions (2.5) through (2.7) a re  the most convenient  equat ions t o  use when 

employing the band-model c o r r e l a t i o n s  i n  r a d i a t i v e  t r a n s f e r  analyses. 

By d e f i n i n g  @ (5,t) = T(S,t)/To w i t h  To r e p r e s e n t i n g  some cons tan t  

re ference temperature, Eqs. (2.2) and (2.7) can be combined t o  y i e l d  the 

energy equat ion ( f o r  the general case o f  simultaneous conduct ion and 

r a d i a t i o n )  i n  nondimensional form as 

(2.8)  
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where 
R = k t,/(p Cp L 2 

The t ime t i n  Eq. (2.8) i s  defined as t* = t/t, w i t h  $.,, rep resen t ing  some 

c h a r a c t e r i s t i c  t ime sca le  o f  the  phys ica l  problem; however, f o r  the sake o f  

convenience, the a s t e r i s k  i s  l e f t  out  here as w e l l  as i n  f u r t h e r  developments. 

From the  d e f i n i t i o n s  o f  $ (< , t )  and +,i(<,t), i t  should be noted t h a t  Eq. 

(2.8) i s  a n o n l i n e a r  equat ion  i n  T (< , t ) .  Equation (2.81, t h e r e f o r e ,  

rep resen ts  a general case o f  the  t r a n s i e n t  energy t r a n s f e r  by r a d i a t i o n  and 

conduct ion  between two s e m i - i n f i n i t e  p a r a l l e l  p l a t e s .  The nondimensional 

parameter R i n  Eq. (2.8) i s  analogous t o  the F o u r i e r  number. For R = 0, Eq. 

(2.8) reduces t o  the  case o f  pure t r a n s i e n t  r a d i a t i v e  energy t rans fe r .  The 

i n i t i a l  and boundary c o n d i t i o n s  f o r  Eq. (2.8) w i l l  depend on the c o n d i t i o n s  o f  

t h e  s p e c i f i c  p h y s i c a l  problem. 

2.1 Spec i f i c  A p p l i c a t i o n  

As a spec ia l  case, i t  i s  assumed t h a t  the  e n t i r e  system i n i t i a l l y  i s  a t  

the  f i x e d  ( re fe rence )  temperature To. For a l l  t ime, the temperature o f  the  

upper p l a t e  i s  ma in ta ined a t  the constant  temperature equal t o  the re fe rence  

temperature, i.e., T2 = To. The temperature of the lower  p l a t e  i s  suddenly 

decreased t o  a lower  b u t  cons tan t  value, i.e., TI < T2. The problem, 

the re fo re ,  i s  t o  i n v e s t i g a t e  the t r a n s i e n t  c o o l i n g  r a t e  o f  the gas f o r  a s tep 

change i n  temperature o f  the lower  p l a t e .  

I n  many r a d i a t i v e  t r a n s f e r  analyses, i t  i s  o f ten  conven ien t  (a1 though n o t  

e s s e n t i a l )  t o  employ the r e l a t i o n  f o r  t h e  l i n e a r i z e d  r a d i a t i o n  as 

( 2 . 9 )  
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where again the s u b s c r i p t  i r e f e r s  to  the i t h  band such t h a t  i s  the wave 

number l o c a t i o n  o f  the band and Tw represents the temperature of the r e f e r e n c e  

w a l l  which cou ld  be e i t h e r  T1  o r  T2. For the spec ia l  case considered, s ince 

we a re  i n t e r e s t e d  i n  i n v e s t i g a t i n g  the t r a n s i e n t  behavior o f  the gas because 

o f  a s tep change i n  temperature of the lower p la te ,  Tw i s  taken t o  be equal t o  

T1. I t  should be po in ted  o u t  t h a t  f o r  a single-band gas, the l i n e a r i z a t i o n  i s  

no t  r e q u i r e d  because the temperature d i s t r i b u t i o n  can be ob ta ined  from Eq. 

(2.8) and the r a d i a t i v e  heat  f l u x  can be c a l c u l a t e d  from Eqs. (2.5) and (2.6). 

However, f o r  the case o f  mul t iband gases and f o r  systems i n v o l v i n g  m ix tu res  o f  

gases, i t  i s  convenient  t o  employ the l i n e a r i z a t i o n  procedure i n  order  t o  use 

the i n f o r m a t i o n  on band model c o r r e l a t i o n s .  The f o l l o w i n g  d e f i n i t i o n s  a re  

usefu l  i n  express ing the governing equations i n  l i n e a r i z e d  forms: 

wi 

( 2.10a 1 

T1 
Mli = (t,/L p c,) Hli , Hli = Aoi(T)(d ewi/dT) 

n 
M1 = (t,/L P c,) H l  , H 1  = Hli i =1 

(2.10d) 

(2.10e) 

where HI, K1,  N 1  and M 1  rep resen t  the values o f  H, K, N and M evaluated a t  the 

temperature TI. As expla ined i n  Refs. 1 and 8, these q u a n t i t i e s  rep resen t  the 

p r o p e r t i e s  of the gaseous medium. 
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The i n i t i a l  and boundary cond i t i ons  f o r  the p h y s i c a l  problem considered 

(2.11) 

I t  i s  impor tan t  t o  note t h a t  the boundary c o n d i t i o n s  given i n  Eq. (2.11) a re  

a p p l i c a b l e  o n l y  t o  the case of sirnul taneous conduct ion and r a d i a t i o n  energy 

t r a n s f e r .  The cases o f  t r a n s i e n t  r a d i a t i o n  and r a d i a t i o n  w i t h  conduct ion a re  

t r e a t e d  separa te l y  i n  the f o l l o w i n g  sect ions.  

2.2 T rans ien t  Rad ia t i on  

By employing the d e f i n i t i o n s  o f  Eqs. (2.9) and (2.10), Eq. (2.8) i s  

t ransformed t o  o b t a i n  a convenient form o f  the energy equat ion fo r  the 

t r a n s i e n t  r a d i a t i o n  case as 23 

(2.12) 

The parameters i n  Eq. (2.12) a re  N 1  and uo. For a g iven gas, the parameters 

a r e  the gas pressure and the temperature of the lower w a l l .  As po in ted  o u t  

e a r l i e r ,  the boundary c o n d i t i o n s  given i n  Eq. (2.11) a re  n o t  a p p l i c a b l e  t o  Eq. 

(2.12) because t h i s  equat ion does n o t  r e q u i r e  a boundary c o n d i t i o n .  Thus, i n  

t h i s  case, the temperature o f  the medium ad jacen t  t o  a surface d i f f e r s  from 

the surface temperature. This i s  because the temperature o f  the medium 

a d j a c e n t  t o  a sur face i s  a f f e c t e d  n o t  o n l y  by the sur face b u t  a l s o  by a l l  

o t h e r  volume elements and surfaces. The r a d i a t i o n  s l i p  method i s  a means o f  

account ing for  such temperature jumps and t h i s  i s  discussed i n  Ref. 1. 
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For the case of t r a n s i e n t  r a d i a t i v e  i n t e r a c t i o n ,  the nondimensional 

r a d i a t i v e  heat  f l u x  i s  def ined by 

(2.13) 

By employing the d e f i n i t i o n s  o f  Eqs. (2.91, (2.101, and (2.131, r e l a t i o n s  f o r  

t he  r a d i a t i v e  f l u x ,  as g iven by Eqs. (2.5) and (2.61, a re  expressed as 

and 

I t should be p o i n t e d  o u t  t h a t  Eq. (2.14a) i s  a convenient form for  the 

o p t i c a l l y  t h i n  and general  s o l u t i o n s  w h i l e  Eq. (2.14b) i s  useful  f o r  s o l u t i o n s  

i n  the l a r g e  path l e n g t h  l i m i t .  Once the s o l u t i o n s  f o r  O(S,t) a re  known 

from the energy equat ion,  the approp r ia te  r e l a t i o n s  for  the heat  f l u x  can be 

i n  ob ta ined  from Eqs. (2.14). I t  should be noted t h a t  the q u a n t i t y  Hl/(aT1) 3 

Eqs. (2.14) i s  nondimensional. 
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2.3 Radiat ion and Conduction 

For t h i s  case where conduction heat  t r a n s f e r  takes p lace simul taneously 

w i t h  r a d i a t i v e  t rans fe r ,  the energy equat ion i s  given by Eq. (2.8). Thus, a 

combinat ion o f  Eqs. (2.8)-(2.10) r e s u l t s  i n  

S ince the presence of conduct ion i m p l i e s  c o n t i n u i t y  o f  temperatures a t  the 

boundaries, the boundary cond i t i ons  f o r  Eq. (2.15) a re  those g iven i n  Eq. 

(2.11). The q u a n t i t y  N1/R can be expressed as N = N1/R = (PL2/k)Kl. The 

nondimensional parameter N denotes the r e l a t i v e  importance of r a d i a t i o n  versus 

conduct ion i n  the gas. For p a r t i c u l a r  values o f  P and L, i t  i s  a c t u a l l y  the 

dimensional  gas p r o p e r t y  N1/(RPL2) = K l / k  t h a t  rep resen ts  the r e l a t i v e  

importance of r a d i a t i o n  versus conduction. 

For the case o f  no r a d i a t i o n ,  Eq. (2.15) becomes 

a2e 
= 7  = R  ae (2.16) 

The separat ion o f  v a r i a b l e s  r e s u l t s  i n  a general  s o l u t i o n  o f  Eq. (2.16) as  

(2.17) 2 8 = exp(-h R t )  (B1 s i n  A5 + B2 cos h 5 )  

where A* i s  the separat ion parameter. The p a r t i c u l a r  s o l u t i o n  of Eq. (2.17) 

can be obta ined by s a t i s f y i n g  the boundary cond i t i ons .  A1 t e r n a t e l y ,  by 

d e f i n i n g  a s i m i l a r i t y  v a r i a b l e  TI = U r n ,  Eq. (2.16) can be w r i t t e n  as 
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(2.18) 

The s o l u t i o n  o f  Eq. (2.181, w i t h  i n i t i a l  and boundary c o n d i t i o n s  g i ven  by Eq. 

(2.111, i s  found t o  be 

Th is  so 

p l a t e s .  

I n  

u t i o n  i s  a p p l i c a b l e  f o r  r e l a t i v e l y  l a r g e  separat ions between the 

the case o f  simultaneous conduct ion and r a d i a t i o n  hea t  t rans fe r ,  the 

nondimensional hea t  f l u x  i s  de f ined  as 

A1 t e r n a t e l y ,  t h i s  can be expressed as 

(2.21) 

C = k(T1 - T2)/{LCel(t) - e 2 ( t ) l }  

The express ion f o r  Q i n  Eq. (2.21) i s  obta ined e i t h e r  f rom Eq. (2.14a) or  

from Eq. (2.14b). It should be noted t h a t  the r e l a t i o n  f o r  8 needed i n  Eq. 

(2.21) comes from the s o l u t i o n  o f  Eq. (2.15). 
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3. METHOD OF SOLUTIONS 

The s o l u t i o n  procedures f o r  the t r a n s i e n t  r a d i a t i o n  and r a d i a t i o n  w i t h  

conduct ion cases a re  presented i n  t h i s  sect ion.  The procedure f o r  the case o f  

t r a n s i e n t  r a d i a t i v e  energy t rans fe r  i s  g iven f i r s t  and t h i s  i s  fo l lowed by the 

procedure f o r  combined r a d i a t i o n  and conduct ion.  

3.1 Transi  en t Radi a ti ve Equi 1 i b r  i um 

For the general  case o f  t r a n s i e n t  r a d i a t i v e  e q u i l i b r i u m ,  the temperature 

d i s t r i b u t i o n  i s  obta ined from the s o l u t i o n  o f  the energy equat ion,  Eq. (2.12). 

Once e(E,,t) i s  known, the r a d i a t i v e  heat  f l u x  i s  c a l c u l a t e d  by us ing  the  

a p p r o p r i a t e  form of Eq. (2.14). Before d i scuss ing  the s o l u t i o n  procedure f o r  

the general  case, however, i t  i s  des i rab le  t o  o b t a i n  the l i m i t i n g  forms of  

Eqs. (2.12) and (2.14) i n  the o p t i c a l l y  t h i n  and l a r g e  pa th  l e n g t h  l i m i t s  and 

i n v e s t i g a t e  the s o l u t i o n s  o f  r e s u l t i n g  equat ions.  

3.1.1 O p t i c a l l y  Thin L i m i t  

I n  the o p t i c a l l y  t h i n  l i m i t  i ( u )  = u and A ' ( u )  = 1, and therefore,  Eq. 

(2.12) reduces t o  1,8,23 

From an examinat ion o f  Eq. ( 3 . l a )  along w i t h  the d e f i n i t i o n s  given i n  Eq. 

(2.10), i t  i s  e v i d i e n t  t h a t  i n  the o p t i c a l l y  t h i n  l i m i t  the temperature 

d i s t r i b u t i o n  i n  the medium i s  independent o f  the 5- coord ina te  fo r  the case 

o f  pure r a d i a t i v e  exchange. This i s  a c h a r a t e r i s t i c  o f  the o p t i c a l l y  t h i n  

r a d i a t i o n  i n  the absence o f  o the r  modes o f  energy t r a n s f e r .  Thus, E q .  (3 .1~1)  

can be w r i t t e n  as 
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Since gas p r o p e r t i e s  a re  evaluated a t  known re fe rence  cond i t i ons ,  N 1  i s  

e s s e n t i a l l y  constant,  and s o l u t i o n  o f  Eq. (3 . lb)  i s  found t o  be 

I n  the o p t i c a l l y  t h i n  l i m i t  both forms o f  Eq. (2.14) y i e l d  the same f i n a l  

r e l a t i o n  f o r  the r a d i a t i v e  f l u x  asz3 

I t  should be p o i n t e d  o u t  t h a t  i n  Eq. (3.3) the q u a n t i t y  (PLK1/uT1) 3 i s  

nondimensional. The r e l a t i o n  f o r  8 ( t )  i n  Eq. (3.3) i s  ob ta ined  from Eq. 

(3.2). Thus, e v a l u a t i o n  o f  the temperature d i s t r i b u t i o n  and r a d i a t i v e  hea t  

f l u x  i n  the o p t i c a l l y  t h i n  l i m i t  does n o t  r e q u i r e  numerical  s o l u t i o n s .  

3.1.2 Large Path Length L i m i t  

I n  the l a r g e  pa th  l e n g t h  l i m i t  (i.e., f o r  u o i  >> 1 f o r  each band), one 

has A(u)  = = l n ( u ) ,  A ' ( u )  = l / u ,  and A"(u)  = - l / u  2 . Thus, i n  t h i s  l i m i t ,  

Eq. (2.12) reduces 

(3.4) 

An a n a l y t i c a l  s o l u t i o n  o f  Eq. (3.4) may be poss ib le ,  b u t  numerical  s o l u t i o n  

can be obta ined q u i t e  e a s i l y .  

I n  the l a r g e  pa th  l e n g t h  l i m i t ,  Eqs. (2.14a) and (2.14b) reduce 

r e s p e c t i v e l y  t o  
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The expressions f o r  dimensionless r a d i a t i v e  heat  f l u x  from o r  t o  the w a l l  a re  

obta ined by s e t t i n g  5 = 0 i n  Eqs. (3.5). 

3.1.3 Numerical So lu t i ons  o f  Governing Equati'ons 

The general  s o l u t i o n s  o f  Eqs. (2.12) and (3.4) a re  obta ined numer i ca l l y  

by employing the method o f  v a r i a t i o n  o f  parameters. For t h i s ,  a polynomial  

form f o r  0(c;,t) i s  assumed i n  powers o f  w i t h  t ime dependent c o e f f i c i e n t s  as 

(3.6) m n 

m=o 
ece,t) = c c,(t) 5 

By cons ide r ing  o n l y  the quadra t i c  s o l u t i o n  i n  5 ,  and s a t i s f y i n g  the boundary 

c o n d i t i o n s  o f  Eq. (2.111, one f i n d s  

where g(t) represents  the t ime dependent c o e f f i c i e n t .  A t  t = 0, a combinat ion 

o f  Eqs. (2.11) and (3.7) y i e l d s  the r e s u l t  
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Equat ions (3.7) and (3.8) are used to o b t a i n  s p e c i f i c  s o l u t i o n s  o f  Eqs. (2.12) 

and (3.4) .  Once the temperature d i s t r i b u t i o n  i s  known, the expressions f o r  

heat  f l u x  a r e  ob ta ined  by numer ica l ly  i n t e g r a t i n g  the corresponding equat ions.  

The e n t i r e  numerical  procedure i s  descr ibed i n  d e t a i l  i n  Ref. 23. The 

numerical  procedure i s  s i m i l a r  f o r  higher order  s o l u t i o n s  i n  5 o f  Eq. (3.61, 

b u t  computat ional  resources requ i red  a r e  considerably  h igher .  

3.2 Radiat ion w i t h  Conduction 

Equat ions (2.151, (2.20) and (2.21) a r e  the a p p r o p r i a t e  equat ions t o  

desc r ibe  the combined process o f  conduct ion and r a d i a t i o n  energy t r a n s f e r .  

The energy equat ion,  Eq. (2.15), reduces i n  the o p t i c a l l y  t h i n  l i m i t  t o  

- + 3 N 1 0 - 3 N  ae = R  a 2e 
a t  z 1  ,E2 (3.9) 

A c losed  form s o l u t i o n  of t h i s  equat ion may be p o s s i b l e  b u t  a numerical  

s o l u t i o n  can be ob ta ined  e a s i l y .  I n  the l a r g e  pa th  l e n g t h  l i m i t ,  Eq. (2.15) 

reduces t o  

(3.10) 

The s o l u t i o n  o f  t h i s  equa t ion  i s  obtained numer i ca l l y .  

The general  s o l u t i o n  o f  Eq. (2.15) i s  ob ta ined  by us ing  the method o f  

v a r i a t i o n  o f  parameters a s  discussed i n  Sec. 3.1 and Ref. 23. For a quadra t i c  

s o l u t i o n  i n  E ,  a combinat ion o f  Eqs. (2.15) and (3.7) r e s u l t s  i n  

( 3 .  l l a )  
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where 

n 5 
C Nli { J  
i =1 0 

3 
J1(5.) = 2 R C ( < )  + T  C(5) (1 -25 ' )  Xi [bi(c-c')]d5.' 

bi = 3 uOi/2 ; C ( E )  = l / (5-E2) (3.11d) 

and n represents  the number of v i b r a t i o n - r o t a t i o n  bands. 

(3.11a) i s  found t o  be23 

The s o l u t i o n  o f  Eq. 

g ( t )  = Cg(0) - J2(5)/J1(5)1 expC-J1(E) t l  + J2(s)/J1(5) (3.12) 

where g(0)  i s  g iven by Eq. (3.8). The i n t e g r a l s  i n  J1 and J2 a re  eva lua ted  

n u m e r i c a l l y  by f o l l o w i n g  the procedure discussed i n  Ref. 23. With g ( t )  known 

from Eq. (3.121, Eq. (3.7) prov ides the s o l u t i o n  fo r  the temperature d i s t r i b u -  

t i o n .  Once e(5,t) i s  known, the heat t r a n s f e r  i s  c a l c u l a t e d  by us ing e i t h e r  

Eq. (2.20) o r  Eq. (2.21). 

I n  the o p t i c a l l y  t h i n  l i m i t ,  the express ion f o r  J1  and J2, as de f i ned  by 

Eqs.  (3.11b) and (3 .11~1 ,  reduce t o  



I n  the l a r g e  path l e n g t h  l i m i t ,  the expressions fo r  J1 and J2 a r e  ob ta ined  a s  

1 

0 
J1(S) = C ( S )  ( 2  R +; M1 I [ (1-2E8) / (E-S' ) ]dE' }  

18 

(3.14a) 

Equations (3.13) and (3.14) are usefu l  i n  o b t a i n i n g  numerical  s o l u t i o n s  f o r  

the l i m i t i n g  cases. 
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4. PHYSICAL CONDITIONS AND DATA SOURCE 

For the p h y s i c a l  problem considered (Fig. 2.1) f o u r  s p e c i f i c  absorbing- 

e m i t t i n g  species were se lec ted  f o r  an ex tens i ve  study; these a re  CO, CO2, OH 

and H20. The species CO was selected because i t  con ta ins  on ly  one fundamental 

v i b r a t i o n - r o t a t i o n  (VR) band and a l l  s p e c t r a l  i n f o r m a t i o n  a re  e a s i l y  a v a i l a b l e  

i n  the l i t e r a t u r e .  It i s  a very convenient  gas t o  t e s t  the numerical  

procedure w i t h o u t  r e q u i r i n g  excessive computat ional  resources. Species OH and 

H20 a re  the pr imary r a d i a t i o n  p a r t i c i p a t i n g  species f o r  the pressure and 

temperature range a n t i c i p a t e d  i n  t h e  combustor o f  the sc ramje t  engine. 

Species C02, and combinations o f  C02 and H20 are impor tan t  absorbing-emi t t i n g  

species i n  many o the r  combustion processes. 

I n  r a d i a t i v e  t r a n s f e r  analyses, i t  i s  e s s e n t i a l  t o  employ a s u i t a b l e  

model t o  rep resen t  the absorpt ion-emission c h a r a c t e r i s t i c s  o f  s p e c i f i c  species 

under i n v e s t i g a t i o n .  Several l i ne -by - l i ne ,  narrow-band, and wide-band models 

a re  a v a i l a b l e  t o  model the absorpt ion o f  a VR band (Refs. 7-11). However, i t  

i s  o f t e n  d e s i r a b l e  t o  use a simple c o r r e l a t i o n  t o  rep resen t  the t o t a l  

a b s o r p t i o n  o f  a wide band. Several such c o r r e l a t i o n s  a re  a v a i l a b l e  i n  the 

l i t e r a t u r e  (Refs. 7-11). The r e l a t i v e  m e r i t s  o f  these c o r r e l a t i o n s  a re  

discussed i n  Ref. 11. I n  t h i s  study, the c o r r e l a t i o n  proposed by T ien and 

Lowder7 i s  employed and t h i s  i s  given by 

where 
f ( p )  = 2.94[1 - exp(- 2.60 811 

and p represents  the l i n e  s t r u c t u r e  parameter. 
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The spec t ra l  i n f o r m a t i o n  and c o r r e l a t i o n  q u a n t i t i e s  needed f o r  CO, C O 2  

and H20 were ob ta ined  f rom Refs. 7-9. The s p e c t r a l  data f o r  OH were ob ta ined  

from Refs. 24 and 25, and c o r r e l a t i o n  q u a n t i t i e s  a re  developed i n  Appendix A .  
. 

The s p e c i f i c  VR bands cons idered f o r  each species are :  CO (4.71.1 funda- 

menta l ) ,  OH (2.8~ fundamental),  C02 (1511, 4 . 3 ~  and 2.7~1, and H20 (201.1, 

6.31.1, 2.7p, 1.87~, and 1 . 3 8 ~ ) .  The r a d i a t i v e  p r o p e r t i e s  o f  i m p o r t a n t  

species a re  prov ided i n  Appendix A. 

It i s  impor tan t  t o  cons ider  the v a r i a t i o n  o f  thermodynamic and t r a n s p o r t  

p r o p e r t i e s  w i t h  temperature and pressure. Th is  i n f o r m a t i o n  i s  a v a i l a b l e  f o r  

i m p o r t a n t  spec ies i n  Refs. 26-25 and e s s e n t i a l  i n f o r m a t i o n  f o r  the p resen t  

study i s  p rov ided i n  Appendix 6.  

For t h e  s p e c i f i c  problem considered, t he  dependent v a r i a b l e s  a r e  8, Q, 

and ‘a, and independent v a r i a b l e s  are 5 and t. The parameters fo r  genera l .  

s o l u t i o n s  a re  TI, TZ/T1, uo, and t,,,. 

and Q depend o n l y  on t and N 1  i n  the  o p t i c a l l y  t h i n  l i m i t  and on E ,  t, and M 1  

i n  the  l a r g e  pa th  l e n g t h  l i m i t .  For the  case o f  combined r a d i a t i o n  and 

conduct ion,  8 and 0 depend on 5, t, and N = N 1 / R  i n  the  o p t i c a l l y  t h i n  l i m i t  

and on E ,  t, and M = M 1 / R  i n  the  l a r g e  pa th  l e n g t h  l i m i t .  I n f o r m a t i o n  on 

r a d i a t i v e  a b i l i t y  o f  va r ious  species i n  the  o p t i c a l l y  t h i n  and l a r g e  pa th  

l e n g t h  l i m i t s  i s  a v a i l a b l e  i n  Ref. 8 and Appendix C. The parameters f o r  

s p e c i f i c  s o l u t i o n s  f o r  d i f f e r e n t  spec ies a re  TI, T2/T1, P, L, and t,,,. 

Extens ive  r e s u l t s ,  there fore ,  can be ob ta ined  by v a r y i n g  these parameters. 

For pa ramet r i c  s tud ies ,  however, only c e r t a i n  values of pressure, temperature, 

For t h e  r a d i a t i v e  e q u i l i b r i u m  case, 0 

and p l a t e  spacing were se lec ted  and r e s u l t s  were ob ta ined  f o r  the genera l  as 

w e l l  as l i m i t i n g  cases. Unless s t a t e d  otherwise,  s p e c i f i c  r e s u l t s  were 

ob ta ined f o r  T2 = 2 TI. 



21  

5. RESULTS AND D I S C U S S I O N  

Resu l t s  have been obta ined f o r  d i f f e r e n t  r a d i a t i o n  p a r t i c i p a t i n g  species 

f o r  b o t h  cases, the r a d i a t i v e  e q u i l i b r i u m  and r a d i a t i o n  w i t h  conduct ion.  The 

computer program used f o r  numerical s o l u t i o n s  i s  p rov ided  i n  Appendix D. It 

should be r e a l i z e d  a t  the o u t s e t  t h a t ,  acco rd ing  t o  the  phys ics o f  t he  

problem, the gas i n i t i a l l y  i s  a t  a h i g h  temperature T1 = T2. A t  t = 0, t he  

temperature T1 i s  lowered t o  a constant value. The energy exchange then 

occurs and the  gas c o o l s  down i n  t ime u n t i l  a s teady-state condi ton i s  

reached. A t  t h i s  t ime, a c e r t a i n  temperature p r o f i l e  i s  e s t a b l i s h e d  and 3 

f i x e d  amount o f  energy exchange occurs i r r e s p e c t i v e  o f  the time. The r a t e  o f  

c o o l i n g  o f  the gas l a y e r ,  therefore,  i s  dependent on the  na tu re  o f  the 

p a r t i c i p a t i n g  species and on the physical  parameters o f  the problem. 

Some l i m i t i n g  s o l u t i o n s  t h a t  a r e  independent of any p a r t i c i p a t i n g  species 

a r e  presented f i r s t  i n  Figs. 5.1 and 5.2 f o r  t h e  r a d i a t i v e  e q u i l i b r i u m  case. 

I n  F ig .  5.1, the temperature d i s t r i b u t i o n  i n  the channel i s  p l o t t e d  as a 

f u n c t i o n  o f  the o p t i c a l l y  t h i n  parameter N 1  f o r  d i f f e r e n t  times. S i m i l a r  

r e s u l t s  a r e  i l l u s t r a t e d  i n  F ig .  5.2 ( w i t h  s o l i d  l i n e s )  f o r  even h igher  values 

o f  N1. These r e s u l t s  show an exponent ia l  decay w i t h  t ime reaching the steady- 

s t a t e  value of 0=1/2 f o r  t-. The temperature d i s t r i b u t i o n  f o r  the l a r g e  

p a t h  l e n g t h  l i m i t  i s  shown i n  Fig.  5.2 ( w i t h  broken l i n e s )  as a f u n c t i o n  o f  

the l a r g e  path l e n g t h  parameter MI and f o r  d i f f e r e n t  times. Although the 

numerical  values a r e  e n t i r e l y  d i f f e ren t ,  these r e s u l t s  a l s o  show the 

exponen t ia l  decay w i t h  t ime and reach the l i m i t i n g  value o f  0 = 1/2 f o r  

t + *. It should be noted tha t  w h i l e  the o p t i c a l l y  t h i n  s o l u t i o n s  a re  

independent of the <-coordinate,  the l a r g e  pa th  l e n g t h  s o l u t i o n s  do depend on 

5 and they have been obta ined f o r  5 = 0.5. I n  the case o f  simultaneous 

r a d i a t i o n  and conduct ion,  both o p t i c a l l y  t h i n  and l a r g e  path l e n g t h  s o l u t i o n s  
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f o r  temperature d i s t r i b u t i o n  depend on E.. These r e s u l t s ,  however, can be 

expressed i n  terms o f  the rad iat ion-conduct ion parameter N=N1/R i n  the  

o p t i c a l l y  t h i n  l i m i t  and M = M1/R i n  the l a r g e  path l e n g t h  l i m i t .  

The r a d i a t i v e  e q u i l i b r i u m  temperature d i s t r i b u t i o n  f o r  CO are shown i n  

F ig .  5.3 fo r  t h ree  d i f f e r e n t  c h a r a c t e r i s t i c  t imes and f o r  P = 1 atm, L = 10 

cm, and Tw = 500 K. 

v a r i e s  s low ly  w i t h  t*; the reve rse  i s  t r u e  fo r  l a r g e  t,,, values. This  t rend  i s  

e v i d e n t  c l e a r l y  from the s imp les t  case o f  the o p t i c a l l y  t h i n  s o l u t i o n  g iven by 

Eq. (3.2). S i m i l a r  t rends i n  r e s u l t s  were observed a l s o  f o r  o t h e r  species f o r  

d i f f e r e n t  values o f  P,  Tw and L. Thus, t o  demonstrate t y p i c a l  t r a n s i e n t  

t rends, o t h e r  r e s u l t s  presented i n  t h i s  s tudy were ob ta ined  f o r  an 

i n t e r m e d i a t e  va lue of the c h a r a c t e r i s t i c  t ime $,, = 0.00001 sec. 

For smal l  t,,,, t* = t/tm becomes l a r g e  and, t he re fo re ,  8 

The c e n t e r l i n e  temperature v a r i a t i o n s  w i t h  t ime a re  i l l u s t r a t e d  i n  F ig .  

5.4a f o r  CO and i n  Fig.  5.4b f o r  OH. General and l i m i t i n g  s o l u t i o n s  a re  shown 

f o r  pure conduction, r a d i a t i o n ,  and r a d i a t i o n  w i t h  conduct ion f o r  P = 1 atm, 

T, = 500 K, and L = 10 cm. I t  i s  noted t h a t  f o r  both gases the o p t i c a l l y  t h i n  

s o l u t i o n s  approach the steady-state c o n d i t i o n s  f a s t e r  than the l a r g e  pa th  

l e n g t h  and general s o l u t i o n s .  For the phys i ca l  c o n d i t i o n s  considered, the 

energy i s  t r a n s f e r r e d  f a s t e r  by conduct ion than by r a d i a t i o n ,  and the steady- 

s t a t e  c o n d i t i o n s  a re  reached e a r l i e r  by t he  combined r a d i a t i o n  and conduct ion 

process. Although OH i s  a r e l a t i v e l y  b e t t e r  heat conduct ing gas, CO i s  seen 

t o  be more e f f e c t i v e  i n  the r a d i a t i v e  t rans fe r .  For the same p h y s i c a l  

c o n d i t i o n s  as i n  Figs. 5.4, the r a d i a t i o n  and r a d i a t i o n  w i t h  conduct ion 

r e s u l t s  a re  compared fo r  CO, OH, H20, and CO2 i n  Fig.  5.5. It i s  seen t h a t  H20 

i s  most e f f e c t i v e  and OH i s  l e a s t  e f f e c t i v e  i n  t r a n s f e r r i n g  the r a d i a t i v e  

energy. The a b i l i t y  o f  a gas to  t r a n s f e r  r a d i a t i v e  energy depends on the 

molecular  s t r u c t u r e  of the gas, band i n t e n s i t i e s  and p h y s i c a l  c o n d i t i o n s  o f  
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the problem. Thus, H20 w i t h  f i v e  s t rong  VR bands i s  a h i g h l y  r a d i a t i o n  

p a r t i c i p a t i n g  species and the steady-state c o n d i t i o n s  a re  reached q u i c k l y  for  

H20 than f o r  o t h e r  species. However, CO w i t h  one fundamental band i s  seen t o  

be a b e t t e r  r a d i a t i n g  gas than C02 w i t h  th ree  VR bands. This  i s  because f o r  

the g i ven  p h y s i c a l  cond i t i ons ,  the o p t i c a l  th ickness o f  CO2 i s  s u f f i c i e n t l y  

l a r g e  and i n  the l a r g e  pa th  l e n g t h  l i m i t  C02 i s  r e l a t i v e l y  l e s s  e f f e c t i v e  i n  

t r a n s f e r r i n g  the r a d i a t i v e  energy (Ref. 8 and Appendix C). Fur the r  r e s u l t s  

f o r  CO and OH a re  i l l u s t r a t e d  i n  Figs. 5.6 f o r  d i f f e r e n t  w a l l  temperatures. 

I t  i s  seen t h a t  w h i l e  r a d i a t i o n  i s  l e s s  e f f e c t i v e  than conduct ion a t  Tw = 500 

K, i t  i s  h i g h l y  e f f e c t i v e  a t  T, = 1,000 K. This ,  however, would be expected 

because r a d i a t i o n  becomes considerably impor tan t  a t  h ighe r  temperatures. The 

s teady -s ta te  c o n d i t i o n  i s  reached quicker f o r  Tw = 1,000 K than f o r  Tw = 500 

K. I n  f a c t  f o r  the c h a r a c t e r i s t i c  t ime considered (t,,, = 0.00001 sec.), the 

s teady-state c o n d i t i o n  i s  reached q u i c k l y  f o r  a l l  species fo r  temperatures 

h ighe r  than Tw = 1,000 K. Resul ts  f o r  the pure r a d i a t i o n  case are i l l u s t r a t e d  

i n  F igs.  5.7 f o r  CO and OH f o r  L = 1 cm and 10 cm. I t  i s  seen t h a t  w h i l e  the 

genera l  and l a r g e  pa th  l eng th  so lu t i ons  depend on the p l a t e  spacing the 

o p t i c a l l y  t h i n  s o l u t i o n s  a re  independent o f  the spacing. This  f a c t  was 

p o i n t e d  o u t  e a r l i e r  i n  the method of s o l u t i o n .  I n  the presence o f  o the r  modes 

o f  energy t r a n s f e r ,  the o p t i c a l l y  t h i n  s o l u t i o n s  a l s o  depend on the p l a t e  

spacings. As would be expected, f o r  the same p h y s i c a l  cond i t i ons ,  the steady- 

s t a t e  c o n d i t i o n  i s  reached qu icke r  for  the lower p l a t e  spacing. 

The temperature v a r i a t i o n s  w i t h i n  the p l a t e s  are shown i n  Figs.  5.8-5.11 

f o r  d i f f e r e n t  species and f o r  P = 1 a t m  and L = 5 cm. In the absence o f  

molecular  conduct ion,  terrperature j umps  ( r a d i a t i o n  s l i p s )  occur a t  the 

boundar ies and, t he re fo re ,  the general s o l u t i o n s  f o r  the case of r a d i a t i v e  

e q u i l i b r i u m  a re  n o t  presented. However, general  as w e l l  as l i m i t i n g  s o l u t i o n s  
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are  presented f o r  the case of r a d i a t i o n  w i t h  conduct ion.  It i s  noted, i n  

general ,  t h a t  f o r  the case of r a d i a t i o n  w i t h  conduct ion,  the s teady-state 

c o n d i t i o n s  a re  reached f o r  a l l  species a t  t ,> 0.1 and f o r  Tw ,> 500 K. For 

the case of pure r a d i a t i o n ,  the s teady-state c o n d i t i o n s  a re  reached a t  

r e l a t i v e l y  l onger  times. The o p t i c a l l y  t h i n  r e s u l t s  a re  seen t o  be independent 

o f  t h e  E-coordinate f o r  the case o f  r a d i a t i v e  e q u i l i b r i u m  and a re  seen t o  

va ry  s low ly  i n  the c e n t r a l  p o r t i o n  o f  the p l a t e s  f o r  the case o f  r a d i a t i o n  

w i t h  conduct ion.  This  i s  because, i n  t h i s  l i m i t ,  the gas i n t e r a c t s  d i r e c t l y  

w i t h  the boundaries and conduct ion i s  predominant near the wa l l s .  S p e c i f i c  

r e s u l t s  fo r  CO a re  i l l u s t r a t e d  i n  Figs. 5.8 f o r  Tw = 1,000 K. For the case of  

r a d i a t i o n  w i t h  conduction, general and l i m i t i n g  s o l u t i o n s  a re  compared i n  Fig.  

5.8a; and f o r  bo th  cases, the r a d i a t i v e  e q u i l i b r i u m  and r a d i a t i o n  w i t h  

conduct ion,  l i m i t i n g  s o l u t i o n s  a re  compared i n  Fig.  5.8b. The s teady-state 

r e s u l t s  f o r  pure conduct ion a re  a l s o  shown i n  Fig.  5.8b f o r  comparat ive 

purposes. The r e s u l t s  demonstrate the t y p i c a l  t rends fo r  l i m i t i n g  and general 

s o l u t i o n s ,  i.e., a lower temperature g r a d i e n t  i m p l i e s  a h ighe r  r a t e  o f  energy 

t r a n s f e r .  S p e c i f i c  r e s u l t s  for  OH are  i l l u s t r a t e d  i n  Figs.  5.9 f o r  Tw = 500 

K. General and l i m i t i n g  s o l u t i o n s  a re  shown i n  F ig .  5.9a; and l i m i t i n g  

s o l u t i o n s  a re  compared i n  Figs.  5.9b and 5 . 9 ~ .  For the case o f  r a d i a t i o n  w i t h  

conduction, the l i m i t i n g  and general s o l u t i o n s  a re  seen t o  be i n  good 

agreement fo r  a l l  t imes (Fig.  5.9a). Th is  i s  because f o r  the c o n d i t i o n s  o f  

the i l l u s t r a t e d  r e s u l t s ,  conduction dominates the energy t r a n s f e r  process i n  

OH. The t y p i c a l  t rends i n  r e s u l t s  f o r  the o p t i c a l l y  t h i n  and l a r g e  pa th  

l e n g t h  l i m i t s  a re  shown i n  Figs.  5.9b and 5.9c, r e s p e c t i v e l y .  F igu re  5.9b 

c l e a r l y  shows t h a t  f o r  a l l  t i m e s  the r a d i a t i v e  e q u i l i b r i u m  r e s u l t s  a re  

independent of the E-coordinate i n  the o p t i c a l l y  t h i n  l i m i t .  F igu re  5.9 

shows t h a t  a t  e a r l i e r  t imes the r a t e  o f  energy t r a n s f e r  i s  h ighe r  i n  the 
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presence o f  conduct ion.  S p e c i f i c  r e s u l t s  f o r  H20 are  i l l u s t r a t e d  i n  F igs.  

5.10 f o r  the case o f  r a d i a t i o n  w i t h  conduction. I t  i s  seen c l e a r l y  t h a t  the 

r a t e  o f  c o o l i n g  i s  s i g n f i c a n t l y  higher i n  the l a r a e  path l e n g t h  l i m i t  (F ig .  

5.10a), and the s teady-state cond i t i ons  a re  reached a t  r e l a t i v e l y  l onger  t imes 

f o r  lower  Tw values (F ig .  5.10b). For the case o f  combined r a d i a t i o n  and 

conduct ion,  a comparison o f  r e s u l t s  f o r  d i f f e r e n t  species i s  shown i n  Fig.  

5.11 f o r  t = 0.01 and 0.1. The r e s u l t s  f o r  t = 0.1 e s s e n t i a l l y  correspond t o  

the  s teady-state cond i t i ons .  For  t = 0.01, the v a r i a t i o n  i n  temperature i s  

seen t o  be r e l a t i v e l y  small  between €,=0.2 and 0.9. The c e n t e r l i n e  

temperature i s  found t o  be the lowest f o r  H20, and t h i s  i s  f o l l o w e d  by OH, CO, 

and CO2. However, i t  i s  noted that  OH i s  very e f f e c t i v e  i n  t r a n s f e r r i n g  the 

n e t  energy i n  comparison t o  the other species. As discussed e a r l i e r ,  t h i s  i s  

ma in l y  due t o  r e l a t i v e l y  h igher  conduct ive a b i l i t y  o f  OH a t  Tw = 500 K. 

The c e n t e r l i n e  temperature d i s t r i b u t i o n s  a re  shown i n  Figs.  5.12-5.15 f o r  

d i f f e r e n t  gases as a f u n c t i o n  o f  the spacing between the p l a t e s .  I n  most 

f i gu res ,  r e s u l t s  a re  presented f o r  bo th  cases, the r a d i a t i v e  e q u i l i b r i u m  and 

r a d i a t i o n  w i t h  conduction. I n  selected f igures,  r e s u l t s  for  the case o f  pure 

conduct ion a re  i nc luded  a l s o  f o r  comparative purposes. For a p a r t i c u l a r  gas, 

s p e c i f i c  r e s u l t s  a re  presented f o r  var ious t imes t o  demonstrate the r a d i d t i v e  

na tu re  o f  the gas under d i f f e r e n t  pressure and temperature c o n d i t i o n s .  

The r e s u l t s  f o r  CO are presented i n  Figs. 5.12 f o r  d i f f e r e n t  cases. For 

P = 1 and Tw = 500 K, the r e s u l t s  i l l u s t r a t e d  i n  Fig. 5.12a show t h a t  the t ime 

r e q u i r e d  t o  reach the steady-state c o n d i t i o n  increases w i t h  i n c r e a s i n g  p l a t e  

spacings. For a p a r t i c u l a r  p l a t e  spacing, the c e n t e r l i n e  temperature i s  lower  

f o r  the case of r a d i a t i o n  w i t h  conduction than for  pure r a d i a t i o n  f o r  a l l  

times. For P = 1 atm and Tw = 1,000 K, r e s u l t s  presented i n  Fig.  5.12b show 

t h a t  the l a r g e  path l e n g t h  s o l u t i o n s  a re  c l o s e r  t o  the general s o l u t i o n s  fo r  L 
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> 20 cm; and the r e s u l t s  f o r  pure r a d i a t i o n  and r a d i a t i o n  w i t h  conduct ion a r e  

i d e n t i c a l  f o r  t 2 0.5. The c e n t e r l i n e  temperature v a r i a t i o n s  a re  shown i n  

F ig .  5 . 1 2 ~  for  t = 0.5 Tw = 500 K, and d i f f e r e n t  pressures.  I t  i s  noted t h a t  

w h i l e  the heat  t r a n s f e r  by conduct ion i s  i n s e n s i t i v e  t o  the change i n  

pressure, the r a d i a t i v e  heat t rans fe r  i s  s t r o n g l y  dependent on it. The r a t e  

o f  r a d i a t i v e  i n t e r a c t i o n  increases w i t h  i n c r e a s i n g  pressure u n t i l  the l a r g e  

p a t h  l e n g t h  l i m i t  i s  reached f o r  s u f f i c i e n t l y  l a r g e  values o f  L. For the case 

o f  pure r a d i a t i o n ,  the r e s u l t s  for P = 0.1 atm d i f f e r  cons iderably  from o t h e r  

r e s u l t s .  Th i s  i s  due t o  use o f  the T ien and Lowder's c o r r e l a t i o n  which i s  

s u i t a b l e  on l y  a t  r e l a t i v e l y  higher pressures (Ref. 11). The c e n t e r l i n e  

temperature v a r i a t i o n s  a re  shown i n  Fig.  5.12d f o r  t = 0.5, P = 1 atm, and 

d i f f e r e n t  values o f  T,. As would be expected, bo th  conduct ive and r a d i a t i v e  

i n t e r a c t i o n s  increase w i t h  increas ing temperatures, a1 though the increase i n  

r a d i a t i v e  t r a n s f e r  i s  comparat ively h igher .  I t  should be noted t h a t  f o r  T, = 

300 K, T2 = 2 Tw = 600 K, f o r  Tw = 500 K, T2 = 1,000 K, and so on. Thus, f o r  

a h ighe r  value o f  T, = TI, the energy i n t e r a c t i o n s  occur a t  a s u f f i c i e n t l y  

l a r g e  temperature d i f f e r e n c e  between the upper and lower p l a t e s .  A t  these 

temperatures, i f  the p l a t e  spacing i s  smal l ,  the energy i s  t r a n s f e r r e d  q u i c k l y  

and the s teady-state c o n d i t i o n  i s  reached a t  r e l a t i v e l y  s h o r t e r  t imes. Th is  

f a c t  was po in ted  o u t  a l s o  i n  the discussion o f  r e s u l t s  o f  Figs.  5.7. 

The c e n t e r l i n e  temperature v a r i a t i o n s  f o r  OH are  i l l u s t r a t e d  i n  F igs.  

5.13 for  d i f f e r e n t  cond i t i ons .  The r e s u l t s  presented i n  F ig .  5.13a f o r  P = 1 

atm and Tw = 500 K show the s i m i l a r  t r e n d  as CO i n  Fig.  5.12a, a l though the 

e x t e n t  o f  energy t r a n s f e r  by s i n u l  taneous r a d i a t i o n  and conduct ion i s  

r e l a t i v e l y  h igher .  Th i s  i s  because a t  Tw = 500 the energy t r a n s f e r  i n  OH i s  

dominated by the conduct ion heat t rans fe r .  General and l i m i t i n g  s o l u t i o n s  f o r  

r a d i a t i v e  e q u i l i b r i u m  a re  shown i n  Fig.  5.13b and f o r  r a d i a t i o n  w i t h  
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conduct ion  i n  F ig .  5 . 1 3 ~ .  These r e s u l t s  c l e a r l y  demonstrate the t y p i c a l  

r a d i a t i v e  i n t e r a c t i o n  t rends f o r  d i f f e r e n t  t imes. The r e s u l t s  show t h a t  the  

o p t i c a l l y  t h i n  s o l u t i o n s  are  independent o f  the p l a t e  spacing i n  the case o f  

pure r a d i a t i o n  b u t  depend on the spacing when molecu la r  conduct ion  i s  

inc luded.  The l a r g e  pa th  l e n g t h  r e s u l t s  a re  seen t o  be v a l i d  on l y  fo r  l a r g e  

va lues  o f  L f o r  the case o f  pure r a d i a t i o n  (F ig .  5.13b1, b u t  they appear t o  be 

v a l i d  i n  the e n t i r e  range f o r  the case o f  r a d i a t i o n  w i t h  conduct ion (F ig .  

5 . 1 3 ~ ) .  The r e s u l t s  f o r  pure conduction, pure r a d i a t i o n ,  and conduct ion w i t h  

r a d i a t i o n  a re  i l l u s t r a t e d  i n  F ig .  13d f o r  P = 1 atm and Tw = 1,000 K. For 

t h i s  temperature, the r e s u l t s  f o r  pure r a d i a t i o n  and r a d i a t i o n  w ih  conduct ion  

a re  found t o  be i d e n t i c a l .  Th is  i n d i c a t e s  t h a t  a t  h ighe r  temperatures, OH 

becomes a h i g h l y  r a d i a t i o n  p a r t i c i p a t i n g  gas. The r e s u l t s  f o r  v a r i a t i o n  o f  

the c e n t e r l i n e  temperature f o r  OH w i t h  pressure and temperature a re  g iven i n  

F igs .  5.13e and 5.13f and they show the same genera l  t rend  as the r e s u l t s  f o r  

CO shown i n  F igs.  5 . 1 2 ~  and 5.12d. 

Ex tens ive  r e s u l t s  o f  e ( <  = 0.5) versus L have been ob ta ined f o r  H20 and 

C02 f o r  d i f f e r e n t  c o n d i t i o n s  and some o f  these a re  i l l u s t r a t e d  i n  F igs.  5.14. 

I n  genera l ,  these r e s u l t s  show s i m i l a r  t rends  as e x h i b i t e d  by the r e s u l t s  f o r  

CO and OH b u t  the e x t e n t  o f  r a d i a t i v e  i n t e r a c t i o n s  i s  e n t i r e l y  d i f f e r e n t .  For 

example, a comparison o f  r e s u l t s  presented i n  F ig .  5.14a f o r  H20 w i t h  the  

r e s u l t s  o f  F ig .  5.12a f o r  CO and Fig. 5.13a f o r  OH f o r  i d e n t i c a l  c o n d i t i o n s  

r e v e a l s  t h a t  H20 i s  a h i g h l y  r a d i a t i o n  p a r t i c i p a t i n g  gas even f o r  s h o r t e r  

t imes. For H20, r e s u l t s  presented i n  Fig. 5.14b demonstrate t h a t  the  l a r g e  

pa th  l e n g t h  s o l u t i o n s  a re  c lose r  t o  the genera l  s o l u t i o n s  fo r  both cases, the  

r a d i a t i v e  e q u i l i b r i u m  and r a d i a t i o n  w i t h  conduct ion.  The cen t e r l  i ne 

temperature v a r i a t i o n  w i t h  L i s  shown fo r  H20 i n  F igs .  5 . 1 4 ~  and 5.14d f o r  

d i f f e r e n t  pressure and temperature. As epxected, r a d i a t i v e  e f f e c t s  a re  seen 

t o  be h ighe r  a t  h ighe r  pressure and temperature. 
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The c e n t e r l i n e  temperature v a r i a t i o n s  a re  compared f o r  d i f f e r e n t  gases i n  

Fig.  5.15 f o r  P = 1 atm, Tw = 500 K, and t = 0.05. For the case of r a d i a t i v e  

e q u i l i b r i u m ,  i t  i s  noted t h a t  OH i s  the l e a s t  e f f e c t i v e  and H20 i s  the most 

e f f e c t i v e  gas i n  t r a n s f e r r i n g  the r a d i a t i v e  energy f o r  p l a t e  spacings g r e a t e r  

than two cent imeters.  When molecular conduct ion i s  inc luded,  OH becomes more 

e f f e c t i v e  because o f  i t s  r e l a t i v e l y  h ighe r  conduct ive a b i l i t y .  These p o i n t s  

were noted a l s o  i n  e a r l i e r  d iscussions. The s to ry ,  however, can be e n t i r e l y  

d i f f e r e n t  f o r  o t h e r  phys i ca l  cond i t i ons  because o f  the r a d i a t i v e / c o n d u c t i v e  

n a t u r e  o f  p a r t i c i p a t i n g  species (Ref. 8 and Appendix C). This  f a c t  i s  

p a r t i a l l y  e v i d e n t  from the s teady-state r e s u l t s ,  f o r  the case o f  combined 

r a d i a t i o n  and conduct ion,  presented i n  Fig.  5.16 f o r  two d i f f e r e n t  

temperatures, Tw = 300 K and 500 K. For example, f o r  Tw = 300 K and L = 10 

cm, the temperature values for  CO and CO2 a re  about the same, for  H20 i t  i s  

lower, and f o r  OH i t  i s  the lowest; however, f o r  p l a t e  spacing g r e a t e r  than L 

= 20 cm, the t rend  i s  e n t i r e l y  d i f f e r e n t .  A l s o ,  i t  should be noted t h a t  the 

s teady-state ( t  = 0.5) r e s u l t s  f o r  Tw = 500 K i n  Fig.  5.16 show d i f f e r e n t  

t r e n d  than the r e s u l t s  f o r  the same temperature i n  Fig.  5.15 f o r  t = 0.05. 

Thus, i n  order  t o  p r e d i c t  the r e l a t i v e  a b i l i t y  of a gas f o r  r a d i a t i v e  

i n t e r a c t i o n s ,  i t  i s  very impor tan t  t o  consider  the e x a c t  phys i ca l  c o n d i t i o n s  

f o r  a l l  species. These p r e d i c t i o n s  may n o t  be a p p l i c a b l e  i f  p h y s i c a l  

c o n d i t i o n s  o f  the problem a re  changed. 

Extens ive r e s u l t s  f o r  the v a r i a t i o n  i n  heat  t r a n s f e r  can be presented 

analogous t o  the v a r i a t i o n  o f  temperature f o r  d i f f e r e n t  c o n d i t i o n s .  However, 

t h i s  should n o t  be necessary because the heat  t r a n s f e r  v a r i a t i o n  fo l l ows  the 

t rend  o f  the temperature v a r i a t i o n  i n  a reverse manner. I f  the temperature 

d i f f e r e n c e s  a re  h igher ,  the r a t e  o f  heat t r a n s f e r  w i l l  be h ighe r  and the 

s teady-state c o n d i t i o n s  w i l l  be reached a t  e a r l i e r  t imes. The r e s u l t s  f o r  
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heat  t r a n s f e r  v a r i a t i o n s  have been obtained f o r  se lec ted  c o n d i t i o n s  and these 

a r e  d iscussed here b r i e f l y .  

For  P = 1 atm, the r e s u l t s  f o r  Q and 0 a r e  i l l u s t r a t e d ,  a s  a func t i on  

The r e s u l t s  f o r  t* = 0.0 - o f  t*, i n  Figs. 5.17-5.20 f o r  d i f f e r e n t  species. 

1.0 a r e  shown i n  Fig.  5.17a for  H20. However, i t  i s  found t h a t  f o r  t he  

value se lec ted  i n  t h i s  study, the steady-state c o n d i t i o n s  a r e  reached i n  most 

cases a t  about t* = 0.2. Consequently, o the r  r e s u l t s  (F igs.  5.17b, 5.17c, 

5.18-5.20) a re  presented o n l y  i n  the range o f  t* = 0.0 - 0.2 t o  demonstrate 

t h e  r a t e  o f  c o o l i n g  a t  d i f f e r e n t  temperatures. As would be expected, the 

r e s u l t s  show t h a t  f o r  a g iven p l a t e  spacing the gas l a y e r  reaches the steady- 

s t a t e  c o n d i t i o n  f a s t e r  a t  h ighe r  values o f  Tw because o f  s t ronger  r a d i a t i v e  

i n t e r a c t i o n s .  It should be noted t h a t  the r a t e  o f  energy t r a n s f e r  increases 

w i t h  t ime f o r  a gas l a y e r  c l o s e r  t o  t h e  upper w a l l  (C  = 0.75) and decreases 

w i t h  t ime f o r  a gas l a y e r  c l o s e r  to  the lower  w a l l  (5 = 0.25) u n t i l  the 

s teady -s ta te  c o n d i t i o n s  a r e  reached. The r a t e  o f  c o o l i n g  i s  e n t i r e l y  

d i f f e r e n t  i f  the p l a t e  spacing i s  changed (F ig.  5 . 1 7 ~ ) .  From a comparison o f  

r e s u l t s  o f  Figs.  5.17-5.20, i t  i s  noted t h a t  the t r e n d  and r a t e  of energy 

t r a n s f e r  a re  d i f f e r e n t  f o r  d i f f e r e n t  species. Thi  s ,  however, woul d be 

expected because o f  the r e l a t i v e  a b i l i t y  o f  d i f f e r e n t  species t o  p a r t i c i p a t e  

i n  t h e  rad ia t i on -conduc t ion  i n t e r a c t i o n  process (Appendix C). 
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6. CONCLUSIONS 

The problem o f  t r a n s i e n t  r a d i a t i v e  i n t e r a c t i o n  i n  nongray absorbing- 

e m i t t i n g  species has been formulated i n  a general sense such t h a t  s o p h i s t i -  

ca ted  abso rp t i on  models can be used t o  o b t a i n  accurate r e s u l t s  i f  des i red.  

Resu l t s  have been obta ined f o r  the special  case o f  r a d i a t i v e  i n t e r a c t i o n s  i n  a 

p lane gas l a y e r  bounded by two p a r a l l e l  p l a t e s  when the temperature o f  the 

bottom p l a t e  i s  suddenly reduced t o  a lower b u t  cons tan t  temperature. The 

energy t r a n s f e r  by pure r a d i a t i o n ,  and by s imultaneous r a d i a t i o n  and 

conduct ion were considered and s p e c i f i c  r e s u l t s  have been ob ta ined  f o r  CO, 

C02, H20, and OH by employing the T ien an Lowder's c o r r e l a t i o n  f o r  band 

absorpt ion.  It i s  noted t h a t  the e x t e n t  o f  r a d i a t i v e  i n t e r a c t i o n  i s  dependent 

on the na tu re  o f  the p a r t i c i p a t i n g  species and parameters TI, TZ/T1, P, L, and 

The steady-state c o n d i t i o n s  are reached a t  r e l a t i v e l y  l onger  t imes f o r  

r a d i a t i v e  e q u i l i b r i u m  than f o r  r a d i a t i o n  w i t h  conduct ion.  For a p a r t i c u l a r  

value o f  P and TI, the t ime requ i red  t o  reach the s teady-state c o n d i t i o n  

i nc reases  w i t h  i n c r e a s i n g  p l a t e  spacing. For a f i x e d  p l a t e  spacing, the 

energy i s  t r a n s f e r r e d  q u i c k l y  f o r  h ighe r  TI va lues because o f  l a r g e  

temperature d i  f f e rences  between the p la tes .  The r a t e  o f  r a d i a t i v e  i n t e r a c t i o n  

increases w i t h  i n c r e a s i n g  pressure u n t i l  the l a r g e  pa th  l e n g t h  l i m i t  i s  

reached. The r a d i a t i v e  e q u i l i b r i u m  s o l u t i o n s  a re  found t o  be independent o f  

the p l a t e  spacing i n  the o p t i c a l l y  t h i n  l i m i t .  I n  the case of s imultaneous 

r a d i a t i o n  and conduction, bo th  o p t i c a l l y  t h i n  and l a r g e  pa th  l e n g t h  s o l u t i o n s  

depend on the y - l o c a t i o n  between the p l a t e s .  A t  moderate temperatures, OH i s  

a poor r a d i a t i n g  b u t  b e t t e r  heat  conducting gas. For most cond i t i ons ,  H20 i s  

found t o  be h i g h l y  r a d i a t i o n  p a r t i c i p a t i n g  species, and the s teady -s ta te  

c o n d i t i o n s  a re  reached q u i c k l y  for  H20 than f o r  o t h e r  species. The 

i n f o r m a t i o n  on r a d i a t i v e  i n t e r a c t i o n s  for  OH and H20 i s  u s e f u l  i n  the a n a l y s i s  

o f  the f low f i e l d  i n  the scrani jet  engine. 
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APPENDIX A 

SPECTRAL INFORMATION AND CORRELATION QUANTITIES 

FOR IMPORTANT INFRARED BANDS 

Spect ra l  i n f o r m a t i o n  and c o r r e l a t i o n  q u a n t i t i e s  f o r  impor tan t  i n f r a r e d  

bands are  a v a i l a b l e  i n  [7-91. 

q u a n t i t i e s  f o r  impor tan t  bands o f  CO, CO H 0, and CH are  g i v e n  i n  Table 

A . l .  

The exponen t ia l  band model c o r r e l a t i o n  

2' 2 4 
For some species, r e v i s e d  data a r e  now a v a i l a b l e  i n  [9 ] .  

I n  develop ing c o r r e l a t i o n  q u a n t i t i e s  f o r  d i f f e r e n t  bands, i t  i s  

impor tan t  t o  have i n f o r m a t i o n  on the i n t e g r a t e d  band i n t e n s i t y  S ( T  ) and t h e  

band w id th  parameter Ao(T). The band i n t e n s i t i e s  o f  many mo lecu la r  bands 

a r e  a v a i l a b l e  i n  t h e  l i t e r a t u r e  [7-9, 24, 251 b u t  t h i s  i s  n o t  t h e  case w i t n  

t h e  band w i d t h  parameter. 

Edwards e t  a l .  i n  re ferences c i t e d  i n  [9]. From a c r i t i c a l  e v a l u a t i o n  of 

d i f f e r e n t  r e l a t i o n s  a v a i l a b l e  i n  t h e  l i t e r a t u r e  f o r  Ao(T) and a f t e r  personal  

communications w i t h  Dr .  D.K. Edwards, i t  was decided t o  adopt t h e  f o l l o w i n g  

two r e l a t i o n s :  

0 

D i f f e r e n t  r e l a t i o n s  f o r  A (T)  a r e  proposed by 
0 

2 3 2kTB 1/2 
(-) (-) 

4 hc 
Ao(T) = 0.9 r 

where B i s  t h e  r o t a t i o n a l  constant o f  lower l e v e l ,  c i s  t h e  speed o f  l i g h t ,  

h i s  t h e  P lanck 's  cons tan t  and k i s  t h e  Boltzmann's cons tan t .  The v a l u e  o f  

B i s  d i f f e r e n t  f o r  d i f f e r e n t  molecules. Equations ( A . l )  and (A.2) a r e  

A- 1. 
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e s s e n t i a l l y  t h e  same except Eq. (A. l )  w i l l  r e s u l t  i n  a c o e f f i c i e n t  of 0.707 

ins tead  o f  0.9. 

r e l a t i o n s  f o r  Ao(T) f o r  a l l  molecules whose va lues a re  n o t  a v a i l a b l e  i n  t h e  

1 i t e r a t u r e .  

molecules i s  a v a i l a b l e  i n  t h e  l i t e r a t u r e  ( f o r  example, see Ref. 24). 

suggested t o  use t h e  equ iva len t  value f o r  t h e  r o t a t i o n a l  cons tan t  o f  

po lyatomic molecules. 

It i s  suggested t o  use Eq. (A.2) i n  de termin ing  approximate 

In fo rmat ion  on t h e  r o t a t i o n a l  cons tan ts  f o r  d i f f e r e n t  

It i s  

It should be noted t h a t  i n  Eqs. (A. l )  and (A.2), B, c, h, and k a re  

cons tan ts  and do n o t  depend on the temperature. 

expressed as: 

Thus, Eq. (A.2) may be 

Ao(T) = CONST ( T ) l 1 2  

where 

CONST = 0.9 I' 2 (-) 3 ( 2kBe 1 1/2 

4- . hc 

(A.3a) 

(A .3b) 

and B represents  t h e  equ iva len t  r o t a t i o n a l  constant .  By e v a l u a t i n g  Eq. 

(A.3a) a t  a re ference temperature Tref, t h e  va lue  o f  Ao(Tref) can be 
e 

Eq. (A.3a) may be expressed a l t e r n a t e l y  as: determined and, there fore ,  

AO 

Equation (A.4) i s  a conven 

va lues . 
By n o t i n g  t h a t  r 2 3  (-) 

4 

(A.4) 

e n t  f o r m  t o  compare i t s  r e s u l t s  w i t h  exper imenta l  

= [l' (3 /4 ) ] *  and s u b s t i t u t i n g  va lues f o r  c, h, 

and k, Eq. (A.3) can be expressed as: 

Ao(T) = 1.59313 (BeT)1'2 (A.5) 
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-1 
where A, and Be have u n i t s  o f  cm 

p a r t i c u l a r  gas, A. (Tref) can be obtained f rom Eq. (A.5) and then Eq. (A.4) 

can be used t o  determine Ao(T) a t  o ther  temperatures. For example, f o r  C O  

t h e  r o t a t i o n a l  constant i s  1.931 c m - l  and a t  a re fe rence  temperature o f  
-1 300 K ,  Ao(Tref = 300 K) = 38.344 crn This compares ve ry  w e l l  w i t h  t h e  

exper imenta l  va lue  o f  38.1 g i ven  i f  Refs. 7 and 9 and presented i n  Table 

A . l .  S i m i l a r l y ,  f o r  t h e  4.3 IJ band o f  C02, t h e  equ iva len t  r o t a t i o n a l  

cons tan t  i s  0.3906 cm- l  and, there fore ,  Ao(Tref = 300 K )  = 17.246 cm"; t h e  

exper imental  va lue  o f  19.9 cm" given i n  Table A . l  f o r  t h i s  band i s  s l i g h t l y  

h ighe r  . 

and T i s  i n  degrees Ke lv in .  For a 

. 

Spect ra l  I n f o r m a t i o n  f o r  OH 

For t h e  fundamental band o f  OH, t h e  f o l l o w i n g  i n f o r m a t i o n  i s  ob ta ined 

from Ref. 25: 

Band center,  oc = 3570 an-', 

Band s t reng th  a t  STP, S(To) = 110 crn-' atm-' 

Also, f rom Ref. 24 t h e  i n fo rma t ion  on e q u i l i b r i u m  r o t a t i o n a l  cons tan t  f o r  OH 

i s  obtained as: 

A 'Et+ 17.355 cm-l 

2 X IIi + 18.871 cm'l 
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Thus, i t  i s  suggested t o  use a value f o r  the  equilibrium rotat ional  constant 
-1 

for  OH as Be = 18 cm . Using th is ,  a value o f  A, ( T r e f =  300 K )  i s  found 

as 

A, (Tref  = 300) = 1.59313 (BeTref)1'2 = 117.0707. (A.6) 

Considering the value o f  Ao(Tref) = 117  crn'', the  re lat ion for  Ao(T) fo r  OH 

i s  given as: 
1/ 2 Ao(T) = 1 1 7  (T/300) . ( A . 7 )  

By knowing w C '  S (To), and Ao(T),  other required spectral  information for  

OH can be evaluated. 
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1. C o r r e l a t i o n  q u a n t i t i e s  a re  based on t h e  r e s u l t s  o f  r e f e r e n c e  [9]. 

i n t e n s i t y  o f  t h e  band marked with * was taken f rom t h e  re fe rence  [7 ] .  

The 

-27 10 
h = 6.625 x 10  erg-sec, C = 2.998 x 10 c d s e c ,  

- 16 
k = 1.380 x 10 erg/K hC/k = 1.44 cm - K 

3. Temperature range: 300 K < T < T max. For CO, Tmax = 1800 K. 

For CO2’ Tmax = 1400 K. For H20, Tmax = 1100 K. For CHqY 

Tmax = 830 K. 

-1 4. For COY w = 2143 cm and 

$l(T) = C15.15 + 0.22 (T/To) 3/2 ] [ l - e x p  (-hCw/kT)], To = 100 K 

-1 -1 -1 5. For C02, w1 = 1351 cm , w2 = 667 cm , w3 = 2396 cm 

42(T)  = (1 - exp [ (  - hC/KT ) (wl + W,)]>X 

E L 1  - exp ( - hCwl/kT)] [l - exp ( - h C ~ ~ / k T ) ] l - ~  , 43(T) = 1 + 

0.053 ( T / ~ o o ) ~ / ~  
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6. For  H20, w1 = 3652 cm -1 , u2 = 1595 crn- 1 , w3 = 3756 cm -1 

+ v l  v 2  v 3  (TI = (1 - exp - h c ( v l  w1 + v 2  w 2  + v3 w ) / k T ] l  x 

{[l-exp ( -hCwl /kT)]  [1-exp( -hCw2/kT]  [ l -exp(  -hCu3/kT]l -1 

$7 ( T )  = exp [ - 17.6 (T/100) -1/2] 

A-7 
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APPENDIX B 

THERMODYNAMIC AND TRANSPORT PROPERTIES 

OF SELECTED SPECIES 

It i s  impor tant  t o  consider  the v a r i a t i o n  o f  thermodynamic and t r a n s -  

p o r t  p r o p e r t i e s  of va r ious  species w i t h  temperature and pressure.  

o f ten ,  t h e  v a r i a t i o n  i n  p r o p e r t i e s  w i t h  t h e  pressure i s  n o t  as c r u c i a l  as 

w i t h  t h e  temperature. 

Q u i t e  

The in fo rma t ion  on v a r i a t i o n  o f  d i f f e r e n t  p r o p e r t i e s  

i s  p rov ided  here. 

The in fo rma t  

a t u r e  i s  obta ined 

where 

on on v a r i a t i o n  o f  t h e  thermal  c o n d u c t i v i t y  w i t h  temper- 

from Ref. 27 and t h i s  i s  expressed as: 
n 

= xo (T/To) ( B . 1 )  

T = Temperature, K 

= thermal c o n d u c t i v i t y  a t  To = 273 K, k cal/m-hr-K 
x O  

n = constant  as g iven i n  Table B 1  

I n  o rde r  t o  be c o n s i s t e n t  w i t h  the u n i t s  used i n  t h e  present  work, Eq. ( B . l )  

i s  expressed as: 

4 

(36) (23.889) 

10 xo 
A =  (T/273)n , erg/sec-cm-K 

B- 1 
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For Eq. (B.2) t h e  va lue of Xo i s  obtained f rom Table B . l ;  t h e  u n i t s  f o r  Xo 

are shown i n  t h e  t a b l e .  For example, thermal c o n d u c t i v i t i e s  o f  CO and C02 

are expressed as: 

CO: X = (11.627865289 x 200) (T/273)Oo8 03.3) 

=2325.570579* ( (TW/273.0)**0.8) 

1.23 
03-41 

C02 : X = (11.627865289 x 128) (T/273) 

= 1488.365171* ( (TW/273.0)**1.23) 

Thus, f o r  Eq. (B.2), t h e  tabu la ted  va lues f o r  X should be used w i t h o u t  

d i v i d i n g  by t h e  f a c t o r  10 . 
0 

4 

Thermal c o n d u c t i v i t i e s  o f  other species can be c a l c u l a t e d  i n  a s i m i l a r  

For species n o t  l i s t e d  i n  t h e  Table B . l ,  va lues should be ob ta ined  manner. 

from Ref. 27 o r  o the r  sources such as Ref. 26. 

values a v a i l a b l e  i n  Ref. 26 should be used. Some o f  t h e  values used i n  t h e  

present  s tudy  are l i s t e d  i n  Table 8.2. 

For h i g h e r  tmperatures,  

The r e l a t i o n s  f o r  t h e  constant-pressure s p e c i f i c  heat  f o r  d i f f e r e n t  

i d e a l  gases a re  a v a i l a b l e  i n  Ref. 28 and these a re  g i ven  i n  Table B.3 f o r  

CO, OH, C02, and H20. 
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Table B .1 Constants f o r  Calculation o f  Thermal Conductivity. 
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Tab le  8.2 Thermal Conduc t i v i t y  o f  Se lec ted  Species*, 
erg/  (cm-sec-K). 

Temp., K 

300 

500 

1,000 

2,000 

Mo 1 ec u l  e 1 
OH 

(4879.71) 

' (6993.13) 

(1  1504.56) 

(20276.33) 

c o  

2507.82 
(2674.22) 

3773.77 
(3938.09) 

6570.51 

(6888.51) 

11439.93 

(1 1730.56) 

* Values i n  paren thes is  a re  f rom Ref. 26. 

1671.43 
(1820.47) 

3133.02 
(3339.63) 

7349.02 

(6716.93) 

17238.37 

( 1  1822.63) 

I 1738.04 
(292 5.31) 

3703.67 
(4980.15) 

10325.76 

( 1  1588.26) 

28803.58 

(26302.73) 
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Table B.3 Constant-pressure specif ic  heat f o r  selected ideal gases 

(Ref. 28). 

Gas 

co 

OH 

c02 

2O 

~~ 

= kJ/kmole-K, 0 = T (Kelvin)/100 
c P  

o*75 - 200.77 8 + 176.76 e -0.75 = 69.145 - 0.70463 8 
c P  

c P  = 81.546 - 59.350 e 0.25 + 17.329 8 0 '75 - 4.266 8 

= 3.7357 + 30.529 e o a 5  - 4.1034 e + 0.024198 e2 
c P  

= 143.05 - 183.54 e 0*25 + 82.751 e o o 5  - 3.6989 8 
c P  



APPEIVOIX c 

R A D I A T I V E  ABILITY OF SELECTED SPECIES I N  OPTICALLY T H I N  

AND LARGE PATH LENGTH LIMITS 

The q u a n t i t i e s ,  M1 and N1 de f ined i n  Eqs. (2.10) represent  t h e  

i n t e r a c t i o n  parameters f o r  r a d i a t i o n  versus conduct ion  heat  t r a n s f e r .  As 

p o i n t e d  ou t  i n  Secs. 2.3 and 4, the d imensional  gas p r o p e r t y  Nl/k rep resen ts  

t h e  r e l a t i v e  importance o f  r a d i a t i o n  versus conduct ion  i n  t h e  o p t i c a l l y  t h i n  

l i m i t .  

importance o f  r a d i a t i o n  versus conduct ion i n  t h e  l a r g e  pa th  l e n g t h  l i m i t .  

The r a d i a t i v e  p r o p e r t i e s  K1 and HI a re  def ined,  r e s p e c t i v e l y ,  by  Eqs. 

( 2 . 1 0 ~ )  and (2.10e). 

S i m i l a r l y ,  t h e  gas p r o p e r t y  M1/(RL) = Hl/k rep resen ts  t h e  r e l a t i v e  

The q u a n t i t i e s  K1 and Kl/k were c a l c u l a t e d  f o r  a number o f  gases and 

t h e  r e s u l t s  a re  i l l u s t r a t e d  i n  F igs.  C . l .  

C. la  show t h e  r a d i a t i v e  a b i l i t y  o f  d i f f e r e n t  spec ies i n  t h e  o p t i c a l l y  t n i n  

l i m i t .  The r e s u l t s  presented i n  F ig .  C.lb demonstrate t h e  r e l a t i v e  

importance o f  r a d i a t i o n  versus conduct ion i n  t h e  o p t i c a l l y  t h i n  l i m i t .  

S i m i l a r l y ,  t h e  r e s u l t s  f o r  H1 and Hl/k were c a l c u l a t e d  t o  i n v e s t i g a t e  t h e  

i n t e r a c t i o n  i n  t h e  l a r g e  pa th  l eng th  l i m i t  and these  a re  i l l u s t r a t e d  i n  

F igs .  C.2a and C.2b. 

shows a cons iderab le  d i f f e r e n c e  i n  t h e  r a d i a t i o n - c o n d u c t i o n  i n t e r a c t i o n  f o r  

t h e  o p t i c a l l y  t h i n  l i m i t  as opposed t o  t h e  l a r g e  pa th  l e n g t h  l i m i t .  

The r e s u l t s  presented i n  F ig .  

A comparison o f  r e s u l t s  p resented  i n  F igs .  C . l  and C.2 

For 

example, i n  t h e  o p t i c a l l y  t h i n  l i m i t  C02 possesses a l a r g e  r a d i a t i o n  

i n t e r a c t i o n  r e l a t i v e  t o  t h e  o ther  gases, w h i l e  t h e  reve rse  i s  t r u e  i n  t h e  

l a r g e  pa th  l e n g t h  l i m i t .  

observed f o r  H20. 

On t h e  o the r  hand, j u s t  t h e  oppos i te  t r e n d  i s  

c- 1 
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APPENDIX D 

COMPUTER PROGRAIL1 FOR TRAIISIEr lT R A D I A T I V E  TRANSFER I N  NONGRAY GASES 

Fo l l ow ing  t h e  numer ica l  procedure o f  Sec. 3, a genera l  computer program 

i s  developed t o  c a l c u l a t e  t h e  t r a n s i e n t  r a d i a t i v e  t r a n s f e r  i n  nongray gases 

between two p a r a l l e l  p l a t e s  hav ing  cons tan t  w a l l  temperature.  The program 

can be used t o  c a l c u l a t e  t h e  conduct ion and r a d i a t i o n  heat  t r a n s f e r  

s e p a r a t e l y  as w e l l  as heat  t r a n s f e r  due t o  t h e  combined process o f  

conduct ion  and r a d i a t i o n .  The program p rov ides  t h e  genera l  s o l u t i o n  as w e l l  

as t h e  l i m i t i n g  ( o p t i c a l l y  t h i n  and l a r g e  pa th  l e n g t h )  s o l u t i o n s .  The 

program i s  w r i t t e n  f o r  t h e  f ive-band H20 gas, b u t  can be used f o r  any gas b y  

employing approp r ia te  thermophysical and r a d i a t i v e  p r o p e r t i e s .  

D- 1 
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PROGRAM TRAN(OUTPUT=65 ,TAPE6,TAPElO,TAPElS) ........................................................................ 

T H I S  PROGRAM CALCULATES THE TRANSIENT R A D I A T I V E  
INTERACTION I N  H20 BETWEEN TWO PARALLEL PLATES 

1 :  
I C  

C 
C FOR CONSTANT WALL TEMPRATURE. 

........................................................................ 
C T----- NONDIMENSIONAL TIME 

p----- PRESSURE (ATM) 

L----- DISTANCE BETWEEN TWO PLATES (CM) 
C z----- NONDIMENSIONAL Y COORDINATE 

TW----TEMPERATURE OF LOWER PLATE (K )  1 :  C 

I C  C 

a 

TM----CHARACTERSITIC TIME (SEC) 
1r=1 ONLY R A D I A T I O N  

1r=3 ONLY CONDUCTION 
C 1r=2 R A D I A T I O N  & CONDUCTION 

EXTERNAL F311,F312,F313,F314,F315,F32l,F322,F323,F324,F325,F4ll 
&,F412,F413,F414,F415,F421,F422,F423,F424,F425,FQll,FQl2,FQl3,FQl4 
& ,FQ15,FQ21 ,FQ22 ,FQ23, FQ24,  FQ2S 

IC  

1 
1 
I 
t 
I 

DIMENSION U (20) , EPS ( 3 )  ,PRES ( 10) ,TEMP (8) ,TT( 20) 
REAL KFB,L,Ml,MZ,M3,M4,M5,R 
COMMON Fl,F2,F3,F4,F5,Bl,BZ,B3,/34,B5,THETA,Z 
DATA U/O. 1,O. 2 ,O. 5,1.0,2. ,5., 10. ,20., 50., loo., 
DATA PRES/0.01,0.1,1.0,10.0/ 
DATA TEMP/300.0,500.0,1000.0,2000.0,3000.0/ 
DATA TT/0.01,0.02,0.05,0.1,0.5,1.0/ 
DO 11 IR=1,3 
I F (  IR.EQ. 1) W R I T E ( 6 , l l l )  
I F (  I R . E Q . l )  WRITE(  10,114) 
I F (  IR.EQ. 1) WRITE(  15,115) 
I F (  I R .  EQ. 2)  WRITE (6,112) 
I F (  IR.EQ.2) WRITE(  10,113) 
I F ( I R . E Q . 2 )  W R I T E ( 1 5 , 1 1 6 )  
I F ( I R . E Q . 3 )  W R I T E ( 6 , 5 6 1 )  
I F  ( I R . EQ .3) WRITE ( 10,564) 
I F (  IR.EQ. 3) WRITE(  15,565) 
TM=O . 0000 1 
WRITE(6 ,886)  TM 
W R I T E ( 1 0 , 8 8 6 ) T M  
WRITE(15 ,886)TM 

& 200.,500.,1000./ 

r 
L 

T I M E  MARCHING 

DO 22 ITT=1,5 
T = T T  ( ITT)  
W R I T E ( 6 , 8 8 8 ) T  
WR I T E  ( 10,888) T 
WRITE(  15,888) T 
WRITE(6 ,666)  
WRITE(  10,666) 

I 

8 
WR I T E  ( 15,666) 
DO 33 IT=1,4 
TW=TEMP(IT) 
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C 
I C  

C 
C I C  C 

L s c  

IE  

T2=2*TW 
DZ=O. 1 
z=o. 1 
DO 44 12=1,5 
DO 55 KK=2,4  
P=PRES ( K K )  
DO 66 I=1,13 

IF( IR.EQ.3) GOT0 3 6 0  
L=U( I) 

CALCULATION OF PLANCK FUNCTION AND I T S  D E R I V A T I V E  

WNB---- BAND CENTER (1/CM) 
HCK---- CONSTANT (K CM) 
ccc---- C l * C 2  (ERG-K-CM**3/SEC) 
P F D B I - -  PLANCK FUNCTION D E R I V A T I V E  FOR I BAND 

CESS=TW**2.0 
STU=TW**O.S 
SNT=TW/273.0  
H C K = 1 . 4 3 9 2 5 7 2 4 6  

WN1=500.0 
WN2=1600.0 
WN3=3750.0 
WN4=5350.0 
WN5=7250.0 
CZCl=HCK*WNl 
CZCZ=HCK*WNZ 
CZC3=HCK*WN3 
CZC4=HCK*WN4 
CZCS=HCK*WNS 
CCC=O.O00053847734  

BT3=5.668*10**(-5.)*TW**3. 

SPECTROSCOPIC PROPERTIES OF H20 
WNBI----  BAND CENTER (1/CM) 
HERE WE HAVE CONSIDERED ONLY F I V E  BANDS(20,6.3,2.7,1.87, & 1 . 3 8  MICRONS) 

C 
C 

I C  
CCCl=CCC*(WN 1**4) 
CCCZ=CCC*( WN2**4) 
CCC3=CCC*(WN3**4) 
CCC4=CCC*( WN4**4) 
CCCS=CCC*(WN5**4) 
T B l = C Z C l / T W  
TBZ=CZCZ/TW 
TB3=CZC3/TW 
TB4=CZC4/TW 
TB5=CZC5/TW 
T E B l = E X P ( T B l )  
TEBZ=EXP(TBZ)  
TEB3=EXP(TB3)  
TEB4=EXP(TB4)  
TEBS=EXP ( T B 5 )  
SNTBl=CESS*((TEBl-l.O)**Z.O) 
SNTBZ=CESS*((TEBZ-l.O)**Z.O) 



C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 

SNTB3=CESS*( (TEB3-1 .0) * *2 .0 )  
SNTB4=CESS* ( (TEB4-  1.0) **2.0) 
SNTB5=CESS*((TEB5-1.0)**2.0) 
P F D B l = (  C C C l * T E B l ) / S N T B l  
PFDB2= (CCC2*TEB2) /SNTB2 
PFDB3=( CCC3*TEB3) /SNTB3 
PFDB4= (CCC4*TEB4) /SNTB4 
PFOB5=( CCC5*TEB5) /SNTB5 

BANO MODEL CORRELATIONS ( T I E N  & LOWOER WIDE BANO MOOEL) 
A Z I  - - - - A O I / (  1/CM) 
C Z S I  - - - - C O I f f 2  ( l / ( A T M - C M ) )  
BSI ----B**Z (NON DIMENSIONAL)  
OMGI ----WAVE NUMBER( 1/CM) 

A K l = ( T W / 3 0 0 . 0 ) * * 0 . 5  
AK2=(300.O/TW)**1.5 
A Z 1 = 4 9 . 4 * A K l  
A 'Z2=90.1*AKl  
A Z 3 = 1 1 2 . 6 * A K l  
A Z 4 = 7 9 . 7 * A K l  
A Z 5 = 7 9 . 7 * A K l  
OMG1=3652.0 
OMG2- 1 5 9  5.0 
OMG3=3756.0 

T X l = T X * O M G l  
TX2=TX*OMG2 
TX3=TX*OMG3 
E T X l = E X P ( T X l )  
ETX2=EXP ( T X 2 )  
ETX3=EXP(TX3)  

TX=-(HCK/TW) 

C l = l . O - E T X l  
C2=1.0-ETX2 
C 3 = l e 0 - E T X 3  

P H I l Z l = (  l.O-EXP(BRKT))/(Cl'CZ*C3) 

PH I 7 = E X P  (-OJ) 

BRKT=TX*(OMGl+OMG3) 

DJ=17.6 / (TW/100.0) * *0 .5  

TS=300.0/TW 
CZS1=771*AKZ*PHI7  
CZS2=3.35*AK2 
CZS3= 1.52*AK2 
C Z S 4 = 0 , 2 7 6 * A K 2 * P H I l Z l  
C Z S 5 = 0 . 2 3 * A K 2 * P H I l Z l  

SI: ---- INTEGRATED BAND I N T E N S I T Y  ( l / ( A T M  CM**2)) 

pL ---e PRESSURE PATH LENGTH (ATM-CM) 
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I C  
C 
C 1 

C 
C 1 c  

C E c  
C 

I C  
C 
C 

: c  C 

P E I  - - - -EFFECTIVE PRESSURE FOR EACH BAND (NON DIMENSIONAL)  

PE 1= (5.0*P) 
PE2=(5.0*P) 
PE3=( 5 .O*P) 
PE4=(5.O*P) 
PE5=( 5.0*P) 

B E T A 1  ---- L I N E  STRUCTURE PARAMETER 

B E T A l = B S l * P E l  
BETAZ=BSZ*PEZ 
BETA3=BS3*PE3 
BETA4=BS4*PE4 
BETAS=BSS*PES 

CORRELATION FOR EACH BAND 

F1=2 94* ( 1. O-EXP ( - (2.60*BETA1) ) ) 
F2=2 94* ( 1.0- EXP ( - ( 2 .60*8ETA2)  ) ) 
F3=2.94*( l .O-EXP(- (2 .6O*BETA3) ) )  
F4=2.94*( l .O-EXP(-(2.6O*SETA4)))  
F5=2.94*( l .O-EXP( - (  2 .60*8ETA5)  ) ) 

NUMERICAL INTEGRATION 
FOR D E T A I L S  OF INTEGRATION REFER MATHEMATICAL L IBRARY 
A T  NASA LANGLEY (DOCUMENT N-3)  

E P S ( l ) = l . O E - l Z  
E P S ( Z ) = l . O E - 1 2  
x=o. 0 
C A L L  CADRE(X,Z,F311,EPS,ITEXT,G3ll,IERR) 
C A L L  CADRE( X ,Z,F312 ,EPS, ITEXT,G312, I E R R )  
C A L L  CADRE(X,Z,F313,EPS,ITEXT,G313,IERR) 
C A L L  CADRE( X ,Z,F314 ,EPS, ITEXT,G314, I E R R )  
C A L L  CADRE(X ,Z,F315 ,EPS, ITEXT,G315, I E R R )  
C A L L  CADRE(Z,l.,F321,EPS,ITEXT,G32l,IERR) 



360 I C  
L 
r 

C A L L  CADRE ( Z ,l. , F322, EPS , I TEXT, 6322, I ERR ) 
C k  LL CADRE ( Z ,l. , F323, EPS , I TEXT, 632 3, I ERR) 
C A L L  CADRE(Z, 1. ,F324,EPS, ITEXT,G324, IERR)  
C A L L  CADRE( Z, 1. ,F325,EPS, ITEXT,G325,  I E R R )  
C A L L  CADRE( X ,Z ,F411 ,EPS, ITEXT,G411,  IERR)  
C A L L  CADRE(X,Z,F412,EPS,ITEXT,G4lZ,IERR) 
C A L L  CADRE(X,Z,F413,EPS,ITEXT,G413,IERR) 
C A L L  CADRE(X,Z,F414,EPS, ITEXT,G414, IERR)  
C A L L  CADRE (X,Z,F415,EPS, ITEXT,G415,  IERR)  
C A L L  CADRE (Z ,  1 .O,F421, EPS , ITEXT,G421, I E R R )  
C A L L  CADRE(Z,l.O,F422,EPS,ITEXT,G422,IERR) 
C A L L  CADRE (Z, 1 .O,F423 ,EPS, ITEXT,G423, I E R R )  
C A L L  CADRE(Z,l.O,F424,EPS,ITEXT,G424,1ERR) 
C A L L  CADRE( Z, 1 .O,F425,EPS, ITEXT,G425, I E R R )  
H l = A Z l * P F D B l  
HZ=AZZ*PFDB2 
H3=AZ3*PFDR3 
H4=AZ4*PFDB4 
H5=AZSfPFDB5 
CONT I NU E 

RHO----- DENSITY 
cp------ S P E C I F I C  HEAT A T  CONSTANT PRESSURE 
KFB----- THERMAL CONDUCTIVITY 

RHO=O.O128677*18./TW 
TC=TW/100. 

CON=TM/ ( L*RHO*CP) 
KFB=( 1 5 1 1 . 6 2 0 8 7 6 ) * (  SNT** l .  48) 
R=( KFB*TM) / (  L*L*RHO*CP) 
z2=z*z 

CP=( 143 -05-183 54*TC**O. 25+82.751*TC**O. 5 -3 .6989*TC)  /18. 1 

8 
C Z = l .  / (  2-22) 
I F (  IR.EQ.3) GOT0 362 
Ml=CON*H l  
M2=CON*H2 
M3=CON*H3 
M4=CON*H4 
M5=CON*H5 
A N l = M l * U Z l  
ANZ=MZ*UZZ 
AN3=M3*UZ3 
AN4=M4*UZ4 
AN5=M5*UZ5 

I 
I 
8 
8 
1 

SUM31=AN1*1.5+(G311-G321) 
SUM32=AN2*1 5 * ( 6 3 1 2 - G 3 2 2 )  
SUM33=AN3*1.5*(G313-G323) 
SUM34=AN4*1.Sf(G3l4-G3Z4) 
SUM35=AN5*1.5*(G315-G325) 
G3=CZ*( SUM31+SUM32+SUM33+SUM34+SUM35) 
I F (  IR.EQ. 1) R=O.O 
AJ3=G3+CZ*Z.*R 
SUM41=ANl * (G411-G421)  
SUM42=AN2*(G412-G422)  
SUM43=AN3* (641 3 - 6 4 2 3 )  
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362 

3 6 4  

L 
r 
L 

IC  

I C  C 

L 8 

SUM44=AN4* (6414-6424) 
SUM45=AN5*(G415-G425) 

AJ4=G4+2.*CZ*R 
G4=-3*CZ* ( SUM41+SUM42+SUM43+SUM44+SUM45) 

G Z = ( l - Z Z ) + C Z  
EAJ3T=EXP( - ( A J 3 * T )  ) 
GT=(GZ-(AJ4/AJ3))*EAJ3T+AJ4/AJ3 

I F (  I R .  EQ. 3)  GT=( EXP (2*R*T/ (22-2) )+Z) / Z  
THETA=ZZ+GT*( 2-22) 
I F  ( I R .  EQ. 3)  DFLUX=-KFB*(TZ-TW)*( 2*Z+GT*( 1 -2 *Z )  ) /L 

CONTINUE 

TW4=TW**4 
T24=T2**4 

I F (  IR.EQ.3) GOTO 364 
C A L L  CADRE (0 .O ,Z, F Q l l ,  EPS, I T E X T , G Q l l ,  I E R R )  
C A L L  CADRE (0.0 ,Z, FQ12,  EPS, ITEXT,GQ12 , I E R R )  
C A L L  CADRE (0.0 ,Z ,FQ13, EPS, ITEXT,GQ 13, I E R R )  
C A L L  CADRE (0 .O , Z , FQ14, EPS , ITEXT,GQ 14, I E R R )  
C A L L  CADRE (0.0 ,Z,FQ15, EPS, ITEXT,GQlS, I E R R )  
C A L L  CADRE (Z ,  1 .O ,FQ21, EPS, ITEXT,GQ21, I E R R )  
C A L L  CADRE(Z, l.O,FQZZ,EPS, ITEXT,GQ22, I E R R )  
C A L L  CADRE (Z ,  1 .O,FQ23 ,EPS, ITEXT,GQ23, I E R R )  
C A L L  CADRE(Z,l.O,FQ24,EPS,ITEXT,GQ24,IERR) 
C A L L  CADRE ( Z  ,l. 0, FQ25, EPS , I T E X T  ,GQ25, I ERR) 

I F (  I R .  EQ. 3) FLUX=OFLUX/ ( 5.668*10**( -5. ) *( TW4-T24)  ) 

FLUX=1-3. *( U Z l * H l *  (GQ1 l+GQ21)+UZZ*HZ* (GQ 12+GQ22) +UZ3*H3* (GQ 13+GQ23 

DFLUX=5.668*10**(-5.)*FLUX*(TW4-T24) 
&)+UZ4*H4*(GQ14+GQ24)+UZ5*H5*(GQl5+GQ25) ) / (8*BT3)  

CONT I NU€ 
WRITE (6,222) TW ,P, L,THETA,Z ,FLUX ,DFLUX 
I F (  IR.EQ.3) GOTO 366 

LARGE PATH LENGTH 

DS=ABS( ( Z - l ) / Z )  
G15=(  2- (2*Z-  1) *ALOG (OS) ) *CZ*( Ml+MZ+M3+M4+MS) 
G16=(  1-Z*ALOG(DS))*CZ*(Ml+M2+hl3+M4+M5)*2. 
A J  15=G15+2. *R*CZ 
AJ16=G16+2.*R*CZ 
E A J 1 5 E X P  ( - A J 1 5 * T )  
G4T= (GZ- ( A J  1 6 / A J 1 5 )  ) * E A J l S + A J 1 6 / A J l S  
z2=z*z 
THEL=ZZ+G4T"( 2-22) 
GQ3=THE L* ( ALOG ( Z ) + 13.8 15 5 1055 ) 
GQ4=( 1 -THEL)  *( ALOG ( l -Z )+13 .81551OS5)  
FLUX L= 1- (H l+HZ+H3+H4+H5) * (GQ3+GQ4) / ( 4*6T3) 
W R I T E ( 1 0 , 2 2 2 )  TW,P,L,THEL,Z ,FLUXL 

O P T I C A L L Y  T H I N  - -HZ0 

AJ25=3* (AN I+ANZ+AN3+AN4+AN 5) +Z*R/ ( Z -  22) 
AJ26=( -3*( AN l+ANZ+AN3+AN4+AN5) *( Z2-0.5)+Z*R) / (2-22) 
EAJ25=EXP(  - ( A J 2 5 * T ) )  
G6T=(GZ-(AJ26/AJ25))*EAJ25+AJ26/AJ25 
TH ET= Z 2+G 6T* ( Z - Z 2 ) 
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SPFD=Sl*PFDBl+S2*PFDB2+S3*PFDB3+S4*PFDB4+S5*PFDB5 
FLUXO=l -  (3. / (  8*BT3) )*P*L*SPFD*( ( 1-Z)+(  2*Z-1) *THET) 
WRITE(15,222)  TW,P,L,THET,Z,FLUXO 1 366 CONTINUE 

66 CONTINUE 
55 CONTINUE 

44 CONTINUE 
33 CONTINUE 
22 CONTINUE 8 11 CONTINUE 

I 
8 FORMAT( 5X ,*GENERAL --HZO----ONLY CONDUCTION*) 

1 886 FORMAT( lOX,*CHARACTERSITIC T I M E  (TM)=*,F12.9) 

z=z+oz 

111 FORMAT(SX,*GENERAL --HZO----ONLY RADIATION*)  
112 FORMAT(5X,*GENERAL --HZO----RAOIATION AND CONDUCTION*) 

114 FORMAT( 5X,*LARGE PATH LENGTH --H20----ONLY R A D I A T I O N * )  
115 FORMAT(SX,* O P T I C A L L Y  T H I N  --HZO----ONLY RADIATION*)  
116 FORMAT(SX,* O P T I C A L L Y  T H I N  --HZO----RADIATION AND CONDUCTION*) 

564 FORMAT( 5 X  ,*LARGE PATH LENGTH --HZO----ONLY CONDUCTION*) 
5 6 5  FORMAT(5X,* O P T I C A L L Y  T H I N  --HZO----ONLY CONDUCTION*) 

113 FORMAT( 5 X  ,*LARGE PATH LENGTH --HZO----RAO I A T I O N  AND CONDUCTION*) 

561 

888 FORMAT( 10X,*TIME=*,F8.3) 
666 FORMAT(4X,*TW*,T18,*P*,T28,*L*,T38,*THETA*,T48,*Z*,T56,*FLUX* 

222 FORMAT(6(1X, F9.4) ,1X,E12.6)  
&,T65,*0FLUX*) 

STOP 
EN0 
FUNCTION F 3 1 1 ( Z B )  
COMMON Fl,FZ,F3,F4,F5,Bl,BZ,B3,84,B5,THETA,Z 

D E N l = (  F1*( (XX**2 .O) +( 2.OfXX)+2.0)+XX)+( XX+2 .O*F l )  
AUDl=(F1*((XX**2.0)+(4.O*XX*Fl)+(4.O*Fl)))/DENl 

RETURN 
EN0 
FUNCTION F 3 1 2 ( Z B )  
COMMON Fl,F2,F3,F4,F5,Bl,B2,B3,84,85,THETA,Z 

DEN2=( F2*( (XX**2 .O)+( 2 .O*XX)+2 .O)+XX) *( XX+2 .O*F2) 
AUD2=( F2*( (XX**Z .O)+( 4.O*XX*F2)+( 4.0*F2) ) ) /DEN2 

RETURN 
EN0 
FUNCTION F313( ZB)  
COMMON Fl,F2,F3 ,F4,F5,81,BZ,B3,84,B5 ,THETA,Z 

DEN3=( F3*( (XX**2 .O)+( 2 .O*XX)+Z.O)+XX)*( XX+2 .O*F3) 
AUD3=( F3*( (XX**2.0)+( 4.O*XX*F3)+( 4.0*F3) ) ) /DEN3 

I 

8 

XX=B 1* ( Z - ZB ) 

F 3 1 1 = ( 1 - 2 * Z B ) * A U D l  

XX=B2*( Z-ZB) 

F3 12= ( 1-2*ZB ) *AUO 2 

XX=B3*( Z-ZB) 
I 
8 F 3 13= ( 1 -2*ZB ) *AU 0 3 

8 
RETURN 
END 
FUNCTION F 3 1 4 ( Z B )  
COMMON F 1  ,FZ,F3,F4,F5,Bl,B2 ,B3,84,85,THETA,Z 

DEN4=( F4*( (XX**Z .O)+( 2.O*XX)+2 .O)+XX) * (XX+2 .O*F4) 
XX=B4*( Z-ZB) 



I 
I 
I 
I 
I 
I 
8 
1 
I 
I 
8 
I 
1 
8 
8 
I 
I 
1 
1 
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AUD4=(F4*((XX**2.0)+(4.O*XX*F4)+(4.O*F4)))/DEN4 

RETURN 
END 
FUNCTION F315(ZB) 
COMMON F 1  ,FZ,F3,F4,F5,81 ,BZ,B3,84,B5,THETA,Z 

DEN5=(F5*((XX**2.0)+(2.O*XX)+2.O)+XX)*(XX+2.O*F5) 
AUD5= (F5*( (XX**2.0)+( 4.0fXX*F5)+( 4.0*F5) ) ) /DEN5 

RETURN 
END 
FUNCTION F321 (ZB) 
COMMON F 1  ,F2,F3 ,F4,F5 ,B1 ,B2,B3 ,B4,BS,THETA,Z 

DEN 1= (F1* ( (XX**2.0)+( 2.0fXX)+2 .O )+XX) * (XX+2 .O*F 1) 
AUD1=(F1*((XX**2.0)+(4.O*XX*Fl)+(4.O*Fl)))/OENl 

RETURN 
END 
FUNCTION F322(ZB) 
COMMON Fl,F2,F3,F4,F5,8l,BZ,B3,B4,B5,THETA,Z 

DEN2=( F2*( (XX**2 .O)+( 2.0*XX)+2 .O)+XX) *( XX+Z.O*FZ) 
AUD2= (F2* ( (XX**2.0)+( 4.0*XX*F2)+( 4.0*F2) ) ) /DEN2 

RETURN 
END 
FUNCTION F323 (ZB)  
COMMON Fl,FZ,F3,F4,F5,81,BZ,B3,B4,B5,THETA,Z 

DEN3=( F3*( (XX**2.0)+( 2.O*XX)+2.O)+XX)*( XX+2 .O*F3) 
AUD3=(F3*((XX**2.0)+(4.O*XX*F3)+(4.O*F3)))/DEN3 

RETURN 
END 
FUNCTION F324(ZB) 
COMMON Fl,FZ,F3,F4,F5,81,BZ,B3,84,B5,THETA,Z 

DEN4=( F4*( (XX**Z.O)+( 2.O*XX)+2.O)+XX)*( XX+2.0*F4) 
AUD4=(F4*((XX**2.0)+(4.O*XX*F4)+(4.O*F4)))/DEN4 

RETURN 
END 
FUNCTION F325(ZB) 
COMMON Fl,FZ,F3,F4,F5,Bl,BZ,B3,84,B5,THETA,Z 

DEN5=(F5*((XX**2.0)+(2.O*XX)+2.O)+XX)*(XX+Z.O*F5) 
AUDS=( F5*( (XX**Z.O)+( 4.0tXX*F5)+( 4.0*F5) ) )/DEN5 

RETURN 
END 
FUNCTION F411(ZB) 
COMMON Fl,FZ,F3,F4,F5,Bl,BZ,B3 ,B4,BS,THETA,Z 

F 3 14s ( 1 -2*ZB ) *AU D 4 

XX=B5* ( Z-ZB) 

F315=(1-2*ZB)*AU05 . 

XX=Bl*( ZB-Z) 

F321=(1-2*ZB)*AUDl 

XX=B2*( ZB-Z) 

F 322= ( 1 - 2*ZB ) *AU 0 2 

XX=B3* ( ZB-Z ) 

F323=(1-2*ZB)*AUD3 

XX=B4*( ZB-Z) 

F324=(1-2*ZB)*AUD4 

XX=B5* ( ZB-Z) 

F32 5= ( 1 - 2*ZB ) *AUD 5 

XX=Bl*( Z-ZB) 



COMMON F1, F2 ,F3, F4 ,F5,B1 , B2,B3, B4,B5, THETA, Z 
XX=B3* t z-ZB 1 

DENl=( F1*( (XX**Z .O)+( 2.O*XX)+2.O)+XX)*( XX+2 .O*F1) 
AUD 1=( F1*( (XX**2 .O)+( 4.0*XX*Fl)+( 4.0*Fl) ) ) /DEN1 
F411=ZBfAUD1 
RETURN 
END 
FUNCTION F412( ZB) 
COMMON F1, F2, F3, F4 ,F5 ,B1 ,B2 ,E3 ,B4,B5, THETA ,Z 

DEN2= (F2*( (XX**2 .O)+( 2.O*XX)+2.O)+XX) *( XX+2.0*F2) 
AUDZ= ( F2*( (XX**2.0)+( 4.0*XX*F2)+( 4.0fF2) ) ) /DEN2 
F412=ZB*AUD2 
RETURN 
END 
FUNCTION F413(ZB) 

XX=B2* (Z-ZB) 

DEN3=( F3*( (XX**2 .O)+( 2.0*XX)+2 .O)+XX) *( XX+2 .O*F3) 
AUD3=(F3*( (XX**2.0)+(4.O*XX*F3)+(4.O*F3)))/DEN3 
F413=ZBfAU03 
RETURN 
END 
FUNCTION F414(ZB) 
COMMON Fl,F2,F3,F4,F5,Bl,B2,83,B4,BS,THETA,Z 

DEN4=( F4*( (XX**2 .O)+( 2.O*XX)+2 .O)+XX) *( XX+2 .O*F4) 
AUD4=( F4*( (XX**Z.O)+( 4.0*XXfF4)+( 4.0*F4) ) ) /DEN4 
F414=ZBfAUD4 
RETURN 
END 
FUNCTION F415(ZB) 
COMMON Fl,FZ,F3,F4,F5,Bl,B2,B3,B4,85,THETA,Z 

DENS=( F5* ( (XX**2.0)+( 2.O*XX)+2 .O)+XX) *( XX+2 .O*F5) 
AUD5=( F5*( (XX**2.0)+( 4.O*XX*F5)+( 4.0*F5) ) )/DEN5 
F415=ZB*AU05 
RETURN 
END 
FUNCTION F421 (ZB)  
COMMON F1,F2,F3,F4,F5,B1,BZYB3,B4,B5,THETA,Z 

DEN 1=( F1*( (XX**2 .O)+( Z.O+XX)+Z. O)+XX) *( XX+Z.O*Fl) 
AUD1=(Flf((XX**2.0)+(4.O*XX*Fl)+(4.O*F1)))/DENl 
F421=ZB*AUDl 
RETURN 
END 
FUNCTION F422(ZB) 
COMMON Fl,F2,F3,F4,F5,Bl,B2,B3,B4,85,THETA,Z 

DEN2=( F2*( (XX**2.0)+( Z.O*XX) +Z.O)+XX) *( XX+2 .O*F2) 
AUD2=(F2*((XX**2.0)+(4.0*XX*F2)+(4.O*F2)))/DEN2 
F422=ZB*AU02 
RETURN 
END 
FUNCTION F423(ZB) 
COMMON Fl,FZ,F3,F4,F5,Bl,B2,B3,64,B5,THETA,Z 

XX=B4*( z-ZB) 

XX=B5*( Z-ZB) 

XX=Bl*( ZB-Z) 

XX=B2* ( ZB- Z)  
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XX=83*( ZB-Z) 
DEN3=( F3*( (XX**Z.O)+( 2 .O*XX)+2.O)+XX)*( XX+Z.O*F3) 
AUD3= ( F3* ( (XX**Z.O)+( 4.0*XX*F3)+( 4.0fF3) ) ) /DEN3 
F423=ZBfAUD3 
RETURN 
END 
FUNCTION F424( 26) 
COMMON F 1  , F2 ,F3 ,F4, F5, B 1  ,B2 ,83,64,BS,THETA, Z 

DEN4=( F4*( (XX**2 .O)+( 2.O*XX)+2.O)+XX) *( XX+2.O*F4) 
AUD4=(F4*( (XX**2.0)+(4.O+XX*F4)+(4.O*F4) ) )/DEN4 
F424=ZB*AUD4 
RETURN 
END 
FUNCTION F425( ZB) 
COMMON F 1  , F2, F3, F4 , F5,Bl. 82 ,B3 ,B4,BSYTHETA, Z 

DEN5=(F5*((XX**2.0)+(2.O*XX)+2.O)+XX)*(XX+2.O*F5) 
AUD5=( F5*( (XX**2.0')+( 4.0fXX*F5)+( 4.0*F5) ) )/DEN5 
F425=ZB*AUD5 
RETURN 
END 
FUNCTION FQ11( ZB) 
COMMON F 1  , F2 , F3 ,F4 ,F5 ,B1,62,83,64,65, THETA,Z 

DEN1=(Fl*((XX**2.0)+(2.O*XX)+2.O)+XX)*(XX+2.O*Fl) 
AUD1= (F1*( (XX**2 .O)+( 4.0*XX*Fl)+( 4.0*F1) ) ) /DEN1 
FQll=(THETA)*AUDl 
RETURN 
END 
FUNCTION FQ12(ZB) 
COMMON F1,F2,F3,F4,F5,BlYB2,B3,B4,B5,THETA,Z 
XX=B2* ( Z- ZB ) 
DEN2= (F2*( (XX**2 .O)+( 2 .O*XX)+2 .O)+XX) *( XX+Z.O*FZ) 
AU02=(F2*((XX**2.0)+(4.O*XX*FZ)+(4.O*F2)))/DEN2 
FQlZ=(THETA) *AU02 
RETURN 
END 
FUNCTION FQ13 (ZB) 

XX=B4*(ZB-Z) 

XX=B5* ( ZB - Z ) 

XX=B l* ( Z-ZB ) 

COMMON F 1  ,FZ,F3,F4,F5,81 ,BZ,B3,B4,65,THETA,Z 

DEN3= (F3*( (XX**2.0)+( 2 .O*XX)+2.O)+XX) *( XX+2.0*F3) 
AUD3=(F3*((XX**2.0)+(4.O*XX*F3)+(4.O*F3)))/DEN3 
FQ13=(THETA)*AUD3 
RETURN 
END 
FUNCTION FQl4(ZB) 
COMMON F1, F2, F3, F4 , F5 , B 1 , 82 , B3,B4 ,B5, THETA , Z 

DEN4=( F4*( (XX**2.0)+( 2.0*XX)+2 .O)+XX) *( XX+2 .O*F4) 
AUD4=( F4*( (XX**Z .O)+( 4.0*XX*F4)+( 4.0*F4) ) ) /DEN4 
FQ14=( THETA)*AUD4 
RETURN 

XX=B 3* ( Z - ZB ) I 
I 
I 
I 

XX=B4*(Z-ZB) 

1 END 
FUNCTION FQlS(ZB) 
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COMMON Fl,F2,F3,F4,F5,8l,B2,83,84,85,THETA,Z 

DEN5=( F5*( (XX**2.0)+( 2 .O*XX)+2.O)+XX) *( XX+2.0*F5) 
AUD5= ( F5* ( (XX**2.0) +( 4.0*XX*F5)+( 4.0*F5) ) ) /DEN5 
FQ 15= (THETA) *AUD 5 
RETURN 
END 
FUNCTION FQ21 (ZB) 
COMMON Fl,FZ,F3,F4,F5,81,82,83 ,84,85,THETA,Z 

DENl=( F1*( (XX**Z. O)+( 2 .O*XX)+2 .O)+XX)*( XX+2 .O*F1) 
AUD 1= (F1*( (XX*2.0)+( 4.0*XX*F1)+( 4.0*F 1) ) ) /DEN 1 

RETURN 
END 
FUNCTION FQ22 (ZB) 
COMMON Fl,FZ,F3,F4,F5,81 ,BZ,B3,84,85,THETA,Z 

DEN2= (F2*( (XX**Z .O)+( 2 .O*XX)+2 .O)+XX) * (XX+2 .O*F2) 
AUD2=(F2*((XX**2.0)+(4.O*XX*F2)+(4.O*F2)))/DEN2 

RETURN 
END 
FUNCTION FQ23(ZB) 

XX=B5* (Z-ZB) 

XX=B 1, ( ZB-Z) 

FQZl=(l-THETA)*AUDl 

XX=B2*( ZB-Z) 

FQ22= ( 1 -THETA) *AU D 2 

COMMON F1 ,FZ,F3,F4,F5,Bl,BZ,B3,84,B5,THETA,Z 
XX=B3*t ZB-Zl 
DEN3=( F3*( (XX**2 .O)+( 2 .O*XX)+2.O)+XX) *( XX+2 .O*F3) 
AUD3= (F3* ( (XX**2.0)+( 4.0*XX*F3)+( 4.0*F3) ) ) /DEN3 

RETURN 
END 
FUNCTION FQ24( ZB) 
COMMON Fl,FZ,F3,F4,F5,B1,82,83,84,B5,THETA,Z 

DEN4= (F4*( (XX**2.0)+( 2 .O*XX)+2.O)+XX) *( XX+2 .O*F4) 
AUD4=( F4*( (XX**Z .O)+( 4.O*XX*F4)+( 4.0*F4) ) ) /DEN4 

RETURN 
END 
FUNCTION FQ25 (ZB) 
COMMON Fl,FZ,F3,F4,F5,Bl,B2,83,B4,B5,THETA,Z 

DEN5=(F5*((XX**2.0)+(2.O*XX)+2.O)+XX)*(XX+2.O*F5) 
AU05= (F5*( (XX**2 . O)+( 4.O*XXfF5) +( 4.0*F5) ) ) /DEN5 

RETURN 
END 

FQ23=(1-THETA)*AUO3 

XX=B4*(ZB-Z) 

FQ24=( 1-THETA) *AUD4 

XX=B5* ( ZB-Z) 

FQ25=(1-THETA)*AUD5 
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